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Abstract. We establish basic results of complex function theory within certain 
algebras of holomorphic functions on coverings of Stein manifolds (such as alge- 
bras of Bohr's holomorphic almost periodic functions on tube domains or algebras 
of all fibrewise bounded holomorphic functions arising, e.g., in the corona prob- 
lem for H°°). In particular, in this context we obtain results on holomorphic 
extension from complex submanifolds, properties of divisors, corona type theo- 
rems, holomorphic analogues of the Peter- Weyl approximation theorem, Hartogs 
type theorems, characterizations of uniqueness sets, etc. Our proofs are based on 
analogues of Cartan theorems A and B for coherent type sheaves on maximal ideal 
spaces of these algebras proved in Part I. 



1. Introduction 

In the 1930-1950 methods of sheaf theory cardinally transformed the theory of 
holomorphic functions of several variables which led to solution of a number of funda- 
mental and long standing problems including problems of holomorphic interpolation, 
Cousin problems, the Levi problem on characterization of domains of holomorphy, 
etc. Since then the theory started to play a foundational and unifying role in modern 
mathematics with major repercussions for analytic geometry, automorphic forms, 
Banach algebras, etc. Further development of the theory was motivated, in part, 
by the problems requiring to study properties of holomorphic functions satisfying 
additional restrictions (such as uniform boundedness along certain subsets of their 
domains or certain growth 'at infinity'). In particular, the principal question arose 
of whether the fundamental problems of the function theory of several complex vari- 
ables can be solved within a proper subclass of the algebra 0{X) of holomorphic 
functions on a Stein manifold X. In the present paper we address this question for 
subalgebras of 0{X) subject to the following definition. 

Definition 1 . 1 . A holomorphic function / defined on a regular covering p : X Xq 
of a connected complex manifold Xq with a deck transformation group G is called 
a holomorphic a-function if 
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(1) / is bounded on subsets p^^{Uo), Uq d Xq, and 

(2) for each x G X the function G 3 g ^ f{g ■ x) belongs to a fixed closed unital 
subalgebra a := <x{G) of the algebra ioo{G) of bounded complex functions on G 
(with pointwise multiplication and sup-norm) that is invariant with respect to the 
action of G on a by right translations: Rg{u){h) := u{hg), u G a, g, h E G. 

We endow the subalgebra Oa{X) C 0{X) of holomorphic a- functions with the 
Frechet topology of uniform convergence on subsets p~^{Uo), Uq d Xq. 

The model examples of algebras Oa{X) are: 

(1) Algebra of Bohr's holomorphic almost periodic functions on a tube domain 
T C C", see Example 11.21 below: 

(2) Algebra of fibrewise bounded holomorphic functions on X, see Example II .4( 1) 
below. (If Xq is a compact complex manifold, then this algebra coincides with 
algebra H°°{X) of bounded holomorphic functions on X). 

In [BrK3j we derived analogues of Cartan's theorems A and B for coherent-type 
sheaves on the fibrewise compactification c^X of the covering X of a Stein manifold 
Xq, a topological space having certain features of a complex manifold (see Section 
[2] for details). In the present paper we employ these theorems to obtain results 
on holomorphic interpolation within algebra Oa{X) and on divisors determined by 
holomorphic a-functions (including the second Cousin problem), prove a tubular 
neighbourhood theorem and a corona-type theorem for Oa{X). Also, we obtain 
integral representation formulas, Hartogs-type theorems, holomorphic analogues of 
the Peter- Weyl approximation theorem, describe uniqueness sets of holomorphic 
a-functions, etc. 

In Section[53]we transfer our Cartan-type theorems as well as some other methods 
of the Oka-Cartan theory on CqX developed in |BrK3] to certain complex subman- 
ifolds of X determined by holomorphic a-functions. As a consequence, most of our 
results for algebra Oa{X) will be transferred to holomorphic a-functions on such 
submanifolds. 

Example 1.2 {Holomorphic almost periodic functions). The theory of almost pe- 
riodic functions was created in the 1920s by H. Bohr and nowadays is widely used 
in various areas of mathematics including number theory, harmonic analysis, differ- 
ential equations (e.g., KdV equation), etc. 

Let us recall the S. Bochner (equivalent) definition of almost periodicity: a 
function / G C(r) on a tube domain T = W + in C C", C M" is open 
and convex, is called holomorphic almost periodic if the family of its translates 
{z f{z + s), z e TjsejRn is relatively compact in the topology of uniform conver- 
gence on tube subdomains T' = -|- iQ', Q' d fl. The principal result of Bohr's 
theory (see [Bo] ) is the approximation theorem which states that every holomor- 
phic almost periodic function is the uniform limit (on tube subdomains T' of T) of 
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exponential polynomials 

m 

(1.1) z^^Cke'^''^'^\ zeT, CfcGC, AfcGM", 

k=l 

where (■, A^) is the Hermitian inner product on C". 

The classical approach to study of holomorphic almost periodic functions exploits 
the fact that T is the trivial bundle with base fl and fibre (e.g., as in the char- 
acterization of almost periodic functions in terms of their Jessen functions defined 
on Q, see |Sht ILevj IJTt IRont IFRt ITo] and references therein). In our approach, we 
consider T as a regular covering p : T — t- Tq (:= p{T) C C") with the deck transfor- 
mation group Z", where p{z) := (e*^^, . . . , e*^") , z = {zi, . . . , Zn) G T (if n = 1, then 
this is a complex strip covering an annulus in C), and obtain 

Theorem 1.3. A function f G 0(T) is almost periodic if and only if f & Oap{T). 

(Here AP = AP(TP'^ is the algebra of von Neumann's almost periodic functions on 
group Z", see definition in Example 13.1( 2) below.) This result enables us to regard 
holomorphic almost periodic functions on T as: 

(a) holomorphic sections of a certain holomorphic Banach vector bundle on Tq; 

(b) holomorphic-type functions on the fibrewise Bohr compactification of the 
covering p : T — )■ Tq. 

As a result, we can apply the methods of multidimensional complex function theory 
(in particular, analytic sheaf theory and Banach-valued complex analysis) to study 
holomorphic almost periodic functions. In particular, even in this classical setting, 
we obtain new results on holomorphic almost periodic extension, recovery of almost 
periodicity of a holomorphic function from that for its trace to a real periodic hyper- 
surface, etc. We also show that some results known for holomorphic almost periodic 
functions are, in fact, valid for a general algebra O^iX). 

It is interesting to note that already in his monograph |Boj H. Bohr uses equally 
often the aforementioned "trivial fibre bundle" and "regular covering" points of 
view on a complex strip. We mention also that the Bohr compactification of a tube 
domain M" + i^ in the form -f iil, where is the Bohr compactification of 
group M", was used earlier in |Favlt IFav2t IGrij . 

Example 1.4. (1) By definition, every Ca(-^) C Oi^(c,)[X)\ here G is the deck 
transformation group of covering p : X — > Xq. 

Algebra Oi^i^G-^iX^ arises, e.g., in study of holomorphic L^-functions on cover- 
ings of pseudoconvex manifolds |GHSt IBr2t IBrSj ILaj . Caratheodory hyperbolicity 
(the Liouville property) of X |LS[ iLi] , corona- type problems for bounded holomor- 
phic functions on X |Brlj . Earlier, some methods similar to those developed in the 
present paper were elaborated for algebra Oi^{G){X^ in |Brl] - jBr4] . |Br7] in con- 
nection with corona-type problems for some subalgebras of bounded holomorphic 
functions on coverings of bordered Riemann surfaces, Hartogs-type theorems, inte- 
gral representation of holomorphic functions of slow growth on coverings of Stein 
manifolds, etc. 
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(2) Let a := c(G) C ioo{G) (with card G = oo) be the subalgebra of bounded 
complex functions on G that admit continuous extensions to the one-point compact- 
ification of G. Then Oc{X) consists of holomorphic functions that have fibrewise 
hmits at 'infinity'. 

For other examples of algebras a and Oa{X) see subsections 13.11 and 13.21 

In the formulation of our main results we use the following definitions. 
Assume that Xq is equipped with a path metric do determined by a (smooth) 
hermitian metric. Let d be a semi-metric on X defined by 

d{xi,X2) ■■= do{p{xi),p{x2)), xi,X2 e X. 

A function / G C{X) is called a continuous a-function if it is bounded and 
uniformly continuous with respect to semi- metric d on subsets p~^{Uo), Uq d Xq, 
and is such that for each x E X the function G 3 g ^ f{g ■ x) belongs to a. 

We denote by Ga{X) the algebra of continuous a-functions on X. It is easily 
seen that Ca{X) does not depend on the choice of the hermitian metric on Xq and 

c„(x)nO(x) = a(x). 

If -Do (e is a subdomain, we set D := p^^{Dq) C X and define Ca{D) to be the 
subalgebra of complex functions f on D (the closure of D) that are bounded and 
uniformly continuous with respect to semi-metric d and such that for each x G -Do 
functions G 3 g ^ f{g ■ x) belong to a. 
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2. Elements of function theory within Oa{X) 

2.1. Our approach is based on analogues of the Cartan theorems A and B for 
coherent-type sheaves on the fibrewise compactification CaX of covering p : X — )■ Xq. 
We briefly describe its construction postponing details till Section [5] (see also |BrK3j ). 

Let Ma denote the maximal ideal space of algebra a, i.e., the space of non-zero 
continuous homomorphisms a — )■ C endowed with weak* topology (of o*). The space 
Ma is compact and every element / of a determines a function / G C{Ma) by the 
formula 

fiv)--=v{f), V^Ma. 

Since algebra a is uniform (i.e., ||/^|| = and hence is semi-simple, the homo- 

morphism " : a — C{Ma) (called the Gelfand transform) is an isometric embedding 
(see, e.g., [Gam]). We have a continuous map j = ja '■ G ^ Ma defined by associat- 
ing to each point in G its point evaluation homomorphism in M^. This map is an 
injection if and only if algebra a separates points of G. 

Let Ga denote the closure of j{G) in Mq (also a compact Hausdorff space). If 
algebra a is self-adjoint, then o = C{Ma) and hence Ga = Ma- In a standard way 
the action of group G on itself by right multiplication determines the right action 
of G on Ma, so that Ga is invariant with respect to this action. 

Definition 2.1. The fibrewise compactification p : CaX — )■ Xq is defined to be the 
fibre bundle with fibre Ga associated to the regular covering p : X ^ Xq (regarded 
as a principal bundle with fibre G). 
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There exists a continuous map 

(2.1) L = L^: X ^ c^X 

induced by the equivariant map j. Clearly, i{X) is dense in CqX. If o separates 
points of G, then l is an injection. 

Definition 2.2. A function / g C{caX) is called holomorphic if its pullback L*f 
is holomorphic on X. The algebra of functions holomorphic on CaX is denoted by 
0{c,X). 

For a subalgebra a C ioo{G) we have a monomorphism Oa{X) 0{caX) (see 
Proposition 15.11 below) which is an isomorphism if a is self-adjoint (in this case we 
can work with algebra 0{caX) instead of Oa{X)). See [BrK3j for other properties 

of CaX. 

Analogously to Definition 12.21 we define holomorphic functions on open subsets 
of CaX and thus obtain the structure sheaf O := Oc^x of germs of holomorphic 
functions on CqX. Now, a coherent sheaf A on c^X is a sheaf of modules over O 
such that every point in c^X has a neighbourhood U over which, for any N > 1, 
there is a free resolution of A of length N, i.e., an exact sequence of sheaves of 
modules of the form 

'PN~1 iP2 V\ ipo 

(2.2) ... ^O"''\u^O"''\u^A\u^0 

(here ^Pi, < i < N — 1, are homomorphisms of sheaves of modules). If X = Xq 
and p = Id, then this definition gives the classical definition of a coherent sheaf on 
a complex manifold Xq. 

Let Xq be a Stein manifold, A a coherent sheaf on CaX. 

Theorem 2.3 ( |BrK3] ). Each stalk ^A (x G CaX) is generated by sections r{caX,A) 
as an xO-module ("Cartan-type Theorem A"). 

Theorem 2.4 ( |BrK3j ). Sheaf cohomology groups H^{caX,A) = for all i > 1 

("Cartan-type Theorem B"). 

The collection of open subsets of X of the form V = l^^{U), where U C c^X 
is open, determines a topology on X, denoted by Ta, Hausdorff if and only if a 
separates points of G. (The base of % consists of interiors of sublevel sets of functions 
in Ca{X).) We define spaces of continuous and holomorphic a-functions on = 

i-\u)erahj 

CaiV) := i*C{U), Oa{V) := i'-OiU). 
For subsets V,W E % we denote 

OaiV, W) := {/ G C{V, W) : f*h G Oa{V) for all h G OaiW)}. 



In subsections \2.S\ \2.3\ and 



we assume that algebra a is self-adjoint. 
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2.2. In this subsection we describe our results on complex a-submanifolds, their 
tubular neighbourhoods and on related interpolation problems that can be derived 
by means of Theorem 12. 4[ To formulate the results we will need 

Definition 2.5. An open cover V of X is said to be of class (7^) if it is the pullback 
by L of an open cover of c^X (e.g., V = p~^(Vo), where Vq is an open cover of Xq is 
of class (7^)). 

It is easy to see that any open cover of X by sets in 7^ is a subcover of an open 
cover of X of class (7^). 

Definition 2.6. A closed subset Z g X is called a complex a-submanifold of 
codimension k < n := dime Xo if there exists an open cover V of X of class (7^) such 
that for each V E V the closure of piV) is compact and contained in a coordinate 
chart on Xq and either V D Z = (/} or there are functions hi, . . . ,hk G OaiV) that 
satisfy: 

(1) ZnV = {xeV : hi{x) = ■■■ = hk{x) = 0}; 

(2) maximum of moduli of determinants of all k x k submatrices of the Jacobian 
matrix of the map x i— )■ (^hi{x), . . . , hk{x)^ with respect to local coordinates 
on V pulled back from a coordinate chart on Xo containing the closure of 
p{V) is uniformly bounded away from zero on Z (IV. 

Some examples of complex a-submanifolds are given in subsection 13.41 below. 
We have analogues of Cartan type theorems l2.3l and l2.4l on complex a-submanifolds, 
see subsection 15.31 and Theorems I5.1H 15.121 below. 

Theorem 2.7 (Characterization of complex a-submanifolds). Suppose that Xq is 
a Stein manifold. Then a closed subset Z d X is a complex a-submanifold of 
codimension k < n if and only if there exist an at most countable collection of 
functions fi G Oa{X), i E I, and an open cover V of X of class (Ta) such that 
(i) Z = {xeX : f,{x) = for all i e I}, 

(a) for each V & V the closure p{V) is compact and contained in a coordinate 
chart on Xq, and either V H Z = ^ or there are functions fi^,...fi^, such that 
Z r\V = {x eV : fi-^ = ■ ■ ■ = fi^ = and the maximum of moduli of determinants 
of all k X k submatrices of the Jacobian matrix of the map x (/j^(x), . . . , fi,.{x)) 
with respect to local coordinates on V pulled back from a coordinate chart on Xq 
containing the closure of p{V) is uniformly bounded away from zero on Z r\V. 

Definition 2.8. A function / g 0{Z) on a complex a-submanifold Z c X is called 
a holomorphic a-function if it admits an extension to a function in Ca{X). 

The subalgebra of holomorphic a-functions on Z is denoted by Oa{Z). Alter- 
natively, subalgebra Oa{Z) can be defined in terms of a-currents, see subsection 

m 



We have the following analogue of the classical tubular neighbourhood theorem: 
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Theorem 2.9. Let Xq be a Stein manifold, Z G X be a complex a-submanifold. 
Then there exist an open in topology Ta neighbourhood Q G X of Z and a family of 
maps ht G Oa(fi, fi) continuously depending ontE [0, 1] such that 

ht\z = Idz for all t G [0, 1], /io = and hi{Q) = Z. 

Theorem 12.91 gives a linear extension operator hi : Oa{Z) — t- Oa{^), f H- hlf. 

Using Theorem 12.41 we prove the foUowing interpolation result. 

Theorem 2.10. Suppose Xq is a Stein manifold, Z G X is a complex a-submanifold, 
and f G Oa{Z). Then there is F E Oa{X) such that F\z = f ■ 

Example 2.11. Suppose that Zi, C T := + zfi C C" (where 9. G M" 
is convex) are non-intersecting smooth complex hypersurfaces that are periodic, 
possibly with different periods, with respect to the usual action of M" on T by 
translations and /i G 0{Zi), /a G 0{Z2) are holomorphic functions periodic with 
respect to these periods. By Theorem 12.101 there is a holomorphic almost periodic 
function F G Oap{T) such that F\z^ = fi, i = 1, 2. 

2.3. This subsection describes our results on a-divisors. 

Let Z C X be a complex submanifold. Recall that a continuous line bundle L on 
Z is given by an open cover of Z and nowhere zero functions d^is G C^UariUp) 
(where da/s := 1 if f/^ fl [/^ = 0) satisfying the 1-cocycle conditions: 

(2.3) Va, (3 dap = d'^l on f/„ n Up, 

(2.4) Va, /3, 7 dapdp^d^a = 1 on f/^ H t/^ fl t/^ 7^ 0. 

If all dap G OiUa^Up), then L is called a holomorphic line bundle. 

In a standard way one defines continuous and holomorphic line bundles morphisms 
(see, e.g., |Hzj ) . The categories of continuous and holomorphic line bundles on Z 
are denoted by C^i^Z) and C{Z), respectively. 

An effective (Cartier) divisor E on Z is given by an open cover {Uq} of Z and 
not identically zero on open subsets of Ua functions fa G 0{Ua) such that 

(2.5) Ma, (3 fa = dapfp on U^n Up ioi some dapeO{Uar]Up,C\{0}). 

Clearly, holomorphic 1-cocycle {dap} determines a holomorphic line bundle denoted 
by Le. 

The collection of effective divisors on Z is denoted by Div(Z). 

Divisors E = {{Ua, fa)} and E' = {iyp,gp)} in Div(Z) are said to be equivalent 
(in Div(Z)) if there exists a refinement {VF^} of both covers {Ua} and {Vp} and 
nowhere zero functions p-y G 0{W.y) such that 

(2.6) fa\w^ = p-f ■ gplw-, for ly^ c f/„ n Vg. 

If divisors E, E' are equivalent, then their line bundles Le, Le' are isomorphic. 
Now, let Z G X be either a complex a-submanifold or X itself. 
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Definition 2.12. An open cover of Z is said to be of class (7^) if it is the pullback 
by I of an open cover of the closure of in CaX (cf. Definition 12. 5p . 

Definition 2.13. A continuous line bundle L on Z is called an a-bundle if in its 
definition (see Q, (Q) 

(1) {Ua} is of class (7^), 

(2) Va,/3 do^^eC^iU^nUp). 

If all dap G Oa{Ua H f/g), then L is called a holomorphic line a-bundle. 

The categories of continuous and holomorphic line a-bundles on Z are denoted by 
Cl{Z) and Ca{Z), respectively. 

Definition 2.14. A divisor E g Div(Z) is called an effective a-divisor if in its 
definition (see (12. 5p ) 

(1) {Ua} is of class (7^), 

(2) Va faeO,{Ua), 

(3) Va, (3 fa = dapfp on Ua^Up for some dap G OaiJJa n f/g). 
The collection of a-divisors is denoted by DiV(j(Z). 

By the definition the line bundle L^; of an a-divisor is a holomorphic line a- 
bundle. 

Definition 2.15. a-divisors E = {{Ua, fa)} and E' = {(Va,^'/?)} are said to be 
a-equivalent if in the above definition of equivalence in Div(Z) (see (12. 6p ) 

(1) {W^} is of class (Ta), 

(2) V7P„ p-'eO,{W,). 

If divisors E, E' are a-equivalent, then their line bundles Le-, Le' are isomorphic 
in CaiZ). 

For some algebras a (e.g., algebras of holomorphic almost periodic functions, 
see Example 11.21 and subsection 13. 2p a-divisors can be equivalently defined in terms 
of their currents of integration, see subsection 14.31 

The basic example of an a-divisor is divisor Ef of a function / G Oa{Z), called an 
a-principal divisor. There are, however, divisors in DiVa(Z) that are not a-principal 
(see subsection 13.4( 4) ) : because the Cech cohomology group H'^{t{Z), Z), where l{Z) 
is the closure of l{Z) in CaX, whose elements measure deviations of a-divisors on 
X from being a-principal is in general non-trivial (see the proof of Theorem I2.2UI 
for details). This naturally leads to the following question in a special case first 
considered in |FRRlj : 

Suppose that Xq is Stein and iJ^(Z, Z) = 0. Does there exist a class of functions 
C Oeao{Z), ioo '■= ^oo{G), such that for each function from its divisor is equiv- 
alent to a divisor in DiV(j(Z), and conversely, every divisor in DiVn(Z) is equivalent 
to a principal divisor determined by a function in da ? 

li Z = X = {z e C : a < lm{z) < b} and a = AP{Z) (see Example OD, then it 
was established in |FRRlj that the class 

^AP = {/ G OiZ) : I/I G CAPiZ)} 
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satisfies this property. (The proof in [FRRl] uses some properties of almost periodic 
currents.) In Proposition 12. 191 we extend this result to o-divisors defined on certain 
one-dimensional complex manifolds Z . In turn, the results in |Fav2] show that for 
the algebra of holomorphic almost periodic functions Oap[Z^ on a tube domain 
Z C C" with n > 1 (see Example II. 2p the functions in C^p determine only a proper 
subclass of almost periodic (i.e., AP-) divisors and provide a complete description of 
this subclass. Using our sheaf-theoretic approach we extend this result in Theorem 
12.181 and Proposition 12.191 below. 
To formulate the results we require 

Definition 2.16. A line bundle L G C^iZ^ is called (x- semi-trivial \i there exists an 
isomorphism -0 in category C£^{Z) of L onto the trivial line bundle Lq G Ce^{Z) 
such that I'lpl'^ := ip ^ i/j is a.n isomorphism in category C^{Z) oi L®L onto Lq ® Lq- 

(Here L is the bundle defined by complex conjugation of fibres of L.) 
This definition is related to the question raised above via the following result 
(where we do not assume that Xq is Stein). 

Theorem 2.17. If the line bundle Le of an a- divisor E is a- semi-trivial, then E is 
ioo- equivalent to divisor Ef G Div(Z) of a function f G 0{Z) with |/| G Ca{Z). 

Suppose that a is such that is a compact topological group and j{G) C Ga is a 
dense subgroup. Then for Z = X the converse holds: 

If E & DiVo(X) is ioQ-equivalent to Ef G Div(X) with \ f\ G Ga{X), then Le is 
a- semi-trivial. 

The second statement of the theorem is valid, e.g., for a = AP{G), the algebra 
of von Neumann almost periodic functions on the deck transformation group G, 
see Example 13.1( 2) below. In this case G^ := 6G, the Bohr compactification of G. 

Now, we characterize the class of a-semi-trivial holomorphic line a-bundles. 

Theorem 2.18. Suppose Xq is a Stein manifold. A line bundle L G Ca{Z) is 
a-semi-trivial if and only if 

(1) L is isomorphic in category Ca{Z) to a discrete line a-bundle L' (i.e., a bundle 
determined by a locally constant cocycle) and 

(2) L' is trivial in the category of discrete line bundles on Z . 

The argument in the proof of Theorem 12.181 implies that if the line bundle L e 
of an a-divisor E satisfies condition (1) only, then the current of integration associ- 
ated with E (see subsection 14. 3p coincides with ^ddlogh, where /i is a nonnegative 
continuous plurisubharmonic a-function on Z. 

Proposition 2.19. Suppose Xq is a Stein manifold and Z G X is one- dimensional. 
Then for a line bundle L G Ca{Z) condition (1) of Theorem \2.18\ is satisfied. If also 
if^(Z, Z) = H^{Z,C) = 0, then condition (2) is satisfied as well. 

In particular, conditions (1) and (2) of Theorem 12.181 are satisfied if Z = X is the 
universal covering of a non-compact Riemann surface Xq and a C ^oo(7ri(Xo)) is a 
self-adjoint closed subalgebra. 
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The second Cousin problem for algebra Oa{X) asks about conditions for a divisor 
in DiV(j(X) to be a-principal. Our next result provides some sufficient conditions for 
its solvability. 

Theorem 2.20. Let Xq be a Stein manifold and E G DiVn(X). If Xq is homotopy 
equivalent to an open subset Yq C Xq such that the restriction of E to Y := p~^{Yq) 
is a- equivalent to an a-principal divisor, then E is a- equivalent to an a-principal 
divisor as well. 

In particular, this is true if a is such that Ga is a compact topological group and 
j{G) G Ga is a dense subgroup, and supp(-E') r\Y = 0; here snpp{E) is the union 
of zero loci of holomorphic functions determining E. 

For the algebra of Bohr's holomorphic almost periodic functions with X and Y 
being tube domains and o = APiTI") (see Example ll.2p this theorem is due to 
|FRR1] {n = 1) and |Favl] [n > 1). The proof in |FRR1] uses Arakelyan's theorem 
and gives an explicit construction of a holomorphic almost periodic function that 
determines the principal divisor. Similarly to |Favlj our proof of Theorem I2.2UI is 
sheaf-theoretic. 

2.4. A classical result by H. Bohr states that if a holomorphic function / on a com- 
plex strip T := {z E C : lm{z) G {a,b)}, bounded on closed substrips, is continuous 
almost periodic on a horizontal line M -|- ic, c G (a, b), then / is holomorphic almost 
periodic on T. In this subsection we extend this result to algebras Oa{X). 

The regular covering p : X ^ Xq is a principal fibre bundle over Xq with structure 
group G, hence, for a cover {t/0,7} of -^0 by open simply connected subsets there 
exists a locally constant cocycle {c^^ : fl Uq^s — ^ G} such that the covering 
p : X — )■ Xq is obtained from the disjoint union U^Uq^j x G by the identification 

(2.7) Uq^s X G 3 (x, (?) ~ (x, g ■ Cs^{x)) G t/0,7 x G for all x G t/0,7 H Uq^s, 

where projection p is induced by the projections Uq^^ x G — )■ Uq^^ (see, e.g., |Hz] ). 
Local inverses ip^ : p~^{Uq^^) — > Uq^^ x G to the identification map form a system of 
biholomorphic trivializations of the covering. For a given subset S G G denote 

U^{UQ,^,S):=tlj-\UQ,^x S). 

Now, let Uq C Xq be an open simply connected set contained in some Uq^^^, 
Zq C Uq he a uniqueness set for holomorphic functions in 0{Xq), and subsets 
L C -ft' C G be such that the closure of j{L) in Ga is contained in the interior of the 
closure of j{K) in Ga (see subsection 12. II for notation) and U™^ L ■ gi = G for some 
9i, ■ ■ ■ , 9m ^ G. 

Consider Z G X such that 

p-\ZQ)nu,^{UQ,K)GZ. 

(In particular, we can take L = K := G and Z := p^^{Zq).) 
We define G„(Z) := Ga{X)\z. 

Theorem 2.21. If f G Oe^iG){X) and f\z G Ca{Z), then f G ^(X). 
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Remark 2.22. (1) In the settings of the classical Bohr theorem the choice of the 
objects in Theorem 12.211 can be specified: 

Proposition 2.23. Suppose that a is such that Ga is a compact topological group 
and j{G) d Ga is a dense subgroup. Given K G G the following conditions are 
equivalent: 

(a) There exist gi, . . . , gm & G such that K ■ gi = G; 

(b) The closure of j{K) in Ga has a nonempty interior; 

(c) There exists a subset L d K satisfying conditions of Theorem \2.21\ 

Thus, for such algebras a one can take as the set K in Theorem 12. 2H e.g., any 
nonempty subset of the form {g E G : \f{g)\ < 1, / G a}. For instance, in Bohr's 
result the line M + can be replaced with a set S* + i^, where (s T is an infinite 
set (hence, it is a uniqueness set for 0{T)) and := {n G Z : < 1} 7^ 0, 

where E is a, univariate exponential polynomial of form (11. ip . 

(2) As an example of the uniqueness set Zq in Theorem 12.211 we can take any 
real hypersurface in Xq or, more generally, a set of the form {x G Xq : Pi{x) = 
■ ■ ■ = Pd{x) = 0}, where pi, . . . , are real- valued differentiable functions on Xq and 
dpi{xo) A ■ ■ ■ A dpd{xo) 7^ for some xq G Zq (see, e.g.. Bog] ). 



2.5. In this subsection we do not assume that algebra a is self-adjoint. 

1. The following discussion suggests an alternative approach to study of Oa{X). 
Namely, we have an equivalent presentation of functions in Oa{X) as holomorphic 
sections of a holomorphic Banach vector bundle p : CaXo — )■ Xq associated to the 
principal fibre bundle p : X Xq and having fibre a defined as follows. 

The regular covering p : X ^ Xq is a principal fibre bundle with structure group 
G (see subsection 12. 4p . Then p : C^Xo — )• Xq is a holomorphic Banach vector bundle 
associated to p : X — )■ Xq and having fibre o obtained from the disjoint union 
U-yUo^-y X a by the identification 

(2.8) f/o,5 X a 9 (a;,/) ~ (x,i?c5^(^)(/)) G f/o,^ X a for all a; G t/o,^ n f/o,^. 

The projection p is induced by projections Uq^^ x o — )■ f/o,7- 

Let C(CaXo) be the space of holomorphic sections of C^Xo. This is a Frechet 
algebra with respect to the usual pointwise operations and the topology of uniform 
convergence on compact subsets of Xq. 

Proposition 2.24. Ca(X) = 0(C„Xo). 

Using Proposition 12 . 241 we obtain the following result on extension within the class 
of holomorphic a-functions. 

Proposition 2.25. Let Mq be a closed complex submanifold of a Stein manifold 
Xq, M := p~^{Mq) C X , Dq Xq is Levi strictly pseudoconvex (see, e.g., [GRj j. 
D := p^^^Dq), and f G Oa^MnD) is bounded. Then there exists a bounded function 
F G Ca(-D) such that F\MnD = /Imfid- 
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Indeed, subalgebra Oa{M) is isomorphic to the algebra 0{CaX)\Mo of holomorphic 
sections of bundle CaX over Mq. Since Xq is Stein, there exist holomorphic Banach 
vector bundles pi : Ei Xq and p2 : E2 ^ Xq with fibres Bi and B2, respectively, 
such that E2 = El (B CoXq (the Whitney sum) and E2 is holomorphically trivial, 
i.e., E2 = Xq X B2 (see, e.g., |ZKKP] ). Thus, any holomorphic section of E2 can 
be naturally identified with a i?2- valued holomorphic function on Xq. By q : E2 ^ 
CaXQ and i : C^Xq — )• E2 we denote the corresponding quotient and embedding 
homomorphisms of the bundles so that q o i = Id. (Similar identifications hold for 
the bundle CaDQ.) Given a function / G (9(CnXo)|A/o consider its image / := i{f), a 
-B2- valued holomorphic function on Mq, and apply to it the integral representation 
formula from |HL] asserting the existence of a bounded function F G 0{Dq, B2) 
such that FImohDo = /UfonDo- Finally, we define F := q{F). 

In fact, this method allows to obtain similar extension results for holomorphic 
functions on X whose restrictions to each fibre belong to some Banach space, and 
are possibly unbounded, see |Br4] . 

In view of Proposition 12.251 it is natural to ask to what extent Theorems 12. 3[ 12.41 
and 12. lOl depend on the assumption that subalgebra a is self-adjoint. 

2. Next, we show that the classical Leray integral representation formula can be 
extended to work within subalgebra Oa{X). 

For a given z G Xq by we denote the subalgebra of functions h : p~^{z) — ?► C 
such that for all x G p~^{z) functions G 3 g ^ h{g ■ x) are in a, endowed with 
sup-norm. Clearly, is isometrically isomorphic to a. 

Let 

Dq d Xq be a subdomain and D : = p^^{Dq). 

We denote Aa{D) := Ca{D) H Oa{D) (see Introduction for definitions). This is a 
Banach space with respect to sup-norm. 

Theorem 2.26. Let Xq be a Stein manifold and Dq, D be as above. There is a 
family of bounded linear operators Lz : az ^ Aa{D), z G Dq, holomorphic in z and 
such that 

(1) Lz{h){x) = h{x) for all h G az, x E p^^{z); 

(2) sup^g^^ IIL^II < 00. 

Now, let us recall the classical Leray integral representation formula. 

For ^,?7 G C" we define (77, ^) := Yjk=iVj^j^ ^iO '■= d^i A ■ ■ ■ A d^n and 
^'(^7) := ELi(-l)''"^%^^i A ■ • • A drjk-i A drjk+i A ■ ■ ■ A drjn. 

For a domain Dq (s C" we set Q := DqX<C^ . Fix z E Dq and define a hypersurface 
n C Q by 

Pz:={iv,O(^Q--{v,^-^) = 0}- 

Let hz be a 2?t, — 1-dimensional cycle in Q\Pz whose projection to Dq is homologous 
to ODq. 
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Leray integral representation formula (see, e.g., |HL] ) . For any function / G 



Interpreting z n- (/|p-i(2)) , z G -Dq; / ^ C'o(-D), in Theorem 12.261 as an AJ^DY 
valued holomorphic function on and using the fact that representation (12. 9p is 
valid for Banach-valued holomorphic functions (because the integral kernel in this 
formula is continuous and bounded on /i^) we obtain: 

Theorem 2.27 (Leray type integral representation formula). Let Xq C C" 6e a 

Stein domain and Dq d Xq be a subdomain. Then for any function f G Oa{D), 



(2-10) m = %^lh{f\.-H0)i- f^^^^^ for all x e p-\z). 



A similar formula for functions in Oi^{D) was first established in [Br4] . 
3. Similarly to [Bt3\ we obtain the following Hartogs-type theorem. 

Theorem 2.28. Suppose n := dimc^o > 2. Let Dq d Xq be a subdomain with 
a connected piecewise boundary ODq contained in a Stein open submanifold of 
Xq and D := p~^{Dq). Assume that f G Ca{dD) satisfies the tangential Cauchy- 
Riemann equations on dD, i.e., for any smooth {n,n — 2)-form u on X having 
compact support 



Then there exists a function F G Oa{D) fl C{D) such that F\qo = f . 

In particular. Theorem 12.281 implies that if n > 2, then each continuous almost 
periodic function on the boundary dT = + idfl of a tube domain T := R" + C 
C", where d M" is a domain with piecewise-smooth boundary dfl, satisfying the 
tangential Cauchy-Riemann equations on dT, admits a continuous extension to a 
holomorphic almost periodic function in Oap{T) fl C{T). 

4. Now, we extend Bohr's approximation theorem for holomorphic almost periodic 
functions (see Introduction) to an arbitrary subalgebra Oa{X). 
Let a, {t G /) be a collection of closed subspaces of a such that 

(1) are invariant with respect to the action of G on a by right translates (i.e., 
if / G Ot, then Rg{f) G for all g G G), 

(2) the family {a^ : i G /} forms a direct system ordered by inclusion, and 

(3) the linear space ao := [J^^j cit is dense in a. 

The model examples of subspaces are given in subsection 13.51 below. 

Let 0^{X) be the space of holomorphic functions / G Oa{X) such that for every 
Xq G Xq functions 



belong to a^. Let Oo{X) be C-linear hull of spaces 0^{X) with l varying over /. 



0{Dq) 



(2.9) 





g^f{g-x), geG, x e F, 
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Theorem 2.29. If Xq is a Stein manifold, then Oq{X) is dense in Oa{X). 

If a = AP{G) (see subsections 13.1( 2) and 13.21) . then this theorem may be viewed 
as a holomorphic analogue of the Peter- Weyl approximation theorem. 

3. Examples 

3.1. Examples of subalgebras a. In addition to iooiG), c{G) and AP{7I') we list 
the following examples of self-adjoint subalgebras of (ioo{G) separating points of G 
and invariant with respect to the action of G by right translations. 

(1) If group G is residually finite (respectively, residually nilpotent), i.e., for any 
element t & G, t ^ e, there exists a normal subgroup Gt^t such that G /Gt is finite 
(respectively, nilpotent), we consider the closed algebra ioo{G) C C-ooiG) generated 
by pullbacks to G of algebras dooiG/Gt) for all Gt as above. 

(2) Recall that a (continuous) bounded function / on a (topological) group G is 
called almost periodic if the families of its left and right translates 

{t ^ f{st)}seG, {t ^ f{ts)}seG 

are relatively compact in ioo{G) (J. von Neumann |Ne] ) . (It was proved in |Ma] that 
the relative compactness of either the left or the right family of translates already 
gives the almost periodicity on G.) The algebra of almost periodic functions on G 
is denoted by AP{G). 

The basic examples of almost periodic functions on G are given by the matrix 
elements of the finite-dimensional irreducible unitary representations of G. 

Recall that group G is called maximally almost periodic if its finite-dimensional 
irreducible unitary representations separate points. Equivalently, G is maximally 
almost periodic iff it admits a monomorphism into a compact topological group. 

Any residually finite group belongs to this class. In particular, Z", finite groups, 
free groups, finitely generated nilpotent groups, pure braid groups, fundamental 
groups of three dimensional manifolds are maximally almost periodic. 

We denote by APo{G) C AP{G) the space of functions 

m 

(3.1) t^^Cfc4(t), teG, CkEC, (T'^ = (aJ), 

k=l 

where (1 < A; < m) are finite-dimensional irreducible unitary representations of 
G. The von Neumann approximation theorem |Ne] states that APq{G) is dense in 
AP{G). 

In particular, the algebra AP{'E^) of almost periodic functions on Z" contains as a 
dense subset the subalgebra of exponential polynomials t i— XlfcLi '^fc^**^^'"*^ ^ ^ 
Afc G M", m G N. Here (A^, •) denotes the linear functional defined by A^. 

(3) The algebra APq(Z"') of almost periodic functions on Z" with rational spectra. 
This is the subalgebra of ylP(Z") generated over C by functions t e*^^'*^ with 
A G Q". 
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(4) If group G is finitely generated then, in addition to the subalgebra c{G) C 
ioo{G) of functions having hmits at 'infinity', we can define a subalgebra ce{G) C 
^oo(G') of functions having limits at 'infinity' along each 'path'. 

To make this definition precise, we will need the notion of the end compactification 
of a connected and locally connected topological space T that admits an exhaustion 
by compact subsets Ki, z G N, whose interiors cover T. Recall that the set of 
ends E = Ex of space T is the inverse limit of an inverse system of discrete spaces 
{7ro(T \ Ki)}, where 7ro(T \ Ki) is the set of connected components oiT \Ki, and 
each inclusion T \ Kj C T \ Ki, i < j, induces projection tto(T \ Kj) — )■ TToiT \ Ki). 
The end compactification Te of T is a compact space defined as the disjoint union 
T U Et endowed with the weakest topology containing all open subsets of T and 
all open neighbourhoods of the ends: an open neighbourhood of an end e = {cj G 
7ro(T \ Ki) , i G N} is a subset V C T L\ Et such that V fl Et and V r\T are open 
in the corresponding topologies and C fl T for some i G N, see |Fre] . 

Now, suppose that group G is finitely generated. By Ge we denote the end 
compactification of the Cayley graph Cq of G. Identifying naturally G with the 
vertex set of Cc we define the subalgebra ce{G) C ioo{G) of functions admitting 
continuous extensions to Ge- For example, if G = Z, then E = {±00}, and ceC^) 
consists of functions Z — )■ C having limits at ±00. 

(5) For a finitely generated group G, let SAP{G) C iooiG) denote the min- 
imal subalgebra containing AP{G) and ce{G). Elements of SAP{G) are called 
semi-almost periodic functions (this is a variant of definition in |Sar] for G = M), 
see Example 13.31 below. 

(6) Let N be an infinite subgroup of G and N\G be the set of (right) conjugacy 
classes. For a given class Nx G A^\G endowed with the discrete topology by c{Nx) 
we denote the subalgebra of bounded functions Nx — )■ C that admit extensions to 
the one-point compactification of Nx. Let cn{G) C iooiG) denote the subalgebra 
consisting of functions h such that 

h\N^ G c{Nx) for each Nx G N\G. 

(Thus, h has limits 'at infinity' along each conjugacy class.) 

Every function h G cn{G) can be viewed as a bounded function on N\G with 
values in Banach algebra c{N), i.e., 

heiooiN\G,ciN)). 

Instead of ioo{N\G,c{N)) we may consider other Banach algebras of c(A^)-valued 
functions on N\G, e.g., c{N\G,c{N)), thus obtaining other subalgebras of ioo{G) 
satisfying assumptions of Section [TJ 

3.2. Holomorphic almost periodic functions on coverings of complex man- 
ifolds. In (BrK3] we defined holomorphic almost periodic functions on a regular 
covering X — )■ as elements of algebra Oap{N) (see subsection 13.1( 2) for the 
definition of algebra AP = AP{G)). Equivalently, a function / G 0{X) is called 
holomorphic almost periodic if each G-orbit in X has a neighbourhood U that is 
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invariant with respect to the (left) action of G, such that the family of translates 
{z I—)- f{g-z), z G U}g(zG is relatively compact in the topology of uniform convergence 
on U (see [BrKl] for the proof of the equivalence). 

This is a variant of definition in |Wej . where G is taken to be the group of all 
biholomorphic automorphisms of a complex manifold X (see also [Vesj ) . 

For instance, if Xq is a non-compact Riemann surface and p : X — )■ Xq is a 
regular covering with a maximally almost periodic deck transformation group G, 
then functions in Oap{X) arise, e.g., as linear combinations over C of matrix entries 
of fundamental solutions of certain linear differential equations on X (see subsection 
K^2) for details). 

We say that the covering p : X — )■ Xq has the Oa-Liouville property if Oa{X) does 
not contain non-constant bounded functions. 

Recall that a complex manifold Xq is called ultraliouville if there are no non- 
constant bounded continuous plurisubharmonic functions on Xq (e.g., connected 
compact complex manifolds and their Zariski open subsets are ultraliouville). 

According to [Lij, if Xq is ultraliouville and G is virtually nilpotent (i.e., contains 
a nilpotent subgroup of finite index), then X has the (9^^-Liouville property. For 
holomorphic almost periodic functions on X this result can be strengthened, see 
[BrfOl Th. 2.3]: 

Let p : X — 7- Xq he a regular covering of an ultraliouville complex manifold Xq. 
Then 

(1) X has the OAP-Liouville property. 

(2) Let n > 2, Dq (s Xq be a subdomain with a connected piecewise smooth 
boundary ODq contained in a Stein open submanifold of Xq, and D := p''^{Dq). 
Then X\D has O Ap-Liouville property. 

For instance, consider the universal covering p : D — )■ C \ {0, 1} of doubly punc- 
tured complex plane (here the deck transformation group is free group with two 
generators). Although there are plenty of non-constant bounded holomorphic func- 
tions on D, all bounded holomorphic almost periodic functions on D corresponding 
to this covering are constant because C \ {0, 1} is ultraliouville. 

For other properties of algebra Oap{X) see subsection 14.31 below. 

3.3. Holomorphic semi-almost periodic functions. Suppose that group G is 
finitely generated. Elements of algebra Osap{X) (see Example 13.1( 5)) are called 
holomorphic semi-almost periodic functions. By Theorem 12.291 algebra Osap{X) 
is generated by subalgebras Oap{X) (see Example 13. 2p and Oc^^X) (see Example 
13.1( 4)). In the case T — )■ Tq is a complex strip covering an annulus Tq (see Example 
II. 2p . algebra Osap{T) is related to the subalgebra of Hardy algebra if°°(D) of 
bounded holomorphic functions on the unit disk D C C generated by functions 
whose moduli have only the first-kind boundary discontinuities (see |BrK2j ). 

3.4. Examples of complex a-submanifolds. We assume that subalgebra a is 
self- adjoint. 
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(1) If Zq C Xq is a complex submanifold of codimension fc, then Z := p~^{Zq) C X 
is a complex a-submanifold of codimension k. 

(2) The disjoint union of a finite collection of complex a-submanifolds Zi of X 
separated by functions in Ca{X) (i.e., for each i there is / G Ca{X) such that / = 1 
on Zi and / = on for j 7^ i) is a complex a-submanifold. 

(3) Let Z^ = {xeXo: h{x) = --- = h{x) = 0} for some /, G 0{Xo) {I < ^ < k) 
be a complex submanifold of Xq of codimension k. Set Z := p~^(Zo). Further, for 
an open subset Xq d Xq and functions hi, . . . , hk E Oa{X) we define X' := p~^{Xq), 
6 := sup^gjf, maxi<j<fc \hi{x)\, and 

Z;, := {x e X : p7i(x) + = ■ ■ ■ = p7fc(a;) + /ife(x) = 0}. 

Using the inverse function theorem with continuous dependence on parameter (The- 
orem 16. 2p , it is not difficult to see that Zh is a complex a-submanifold of X' provided 
that 5 > is sufficiently small. 

(4) A complex a-submanifold of X is called cylindrical if each open set V in 
Definition 12.61 has form V = p~^{Vo) for some open Vq C Xq (i.e., it is determined 
by holomorphic a-functions on preimages by p of open subsets of Xq). 

In |BrKl] we constructed a non-cylindrical a-hyper surf ace in X in the case a = 
AP{1j) (see subsection 13. 2p and p : X — )■ Xq is a regular covering of a Riemann 
surface Xq with deck transformation group Z. We assumed that Xq has finite type 
and is a relatively compact subdomain of a larger (non-compact) Riemann surface Xq 
whose fundamental group satisfies 7ri(Xo) = 7ri(Xo) (e.g., the covering of Example 
11.21 with n = 1, i.e., a complex strip covering an annulus, is a regular covering of 
this form). 

Let us briefiy describe this construction. 

The covering X of Xq admits an injective holomorphic map into a holomorphic 
fibre bundle over Xq having fibre (C*)^, C* := C\{0}, defined as follows. First, note 
that the regular covering p : X — )■ Xq admits presentation as a principal fibre bundle 
with fibre Z, see (12. 7p . We choose two characters X11X2 : Z — )■ S-*^ = M/(27rZ) such 
that the homomorphism {X11X2) : Z — = x §^ is an embedding with dense 
image. Consider the fibre bundle hY2X over Xq with fibre associated with the 
principal fibre bundle p : X — > Xq via the homomorphism (xi, X2)- The bundle hf2X 
is embedded into a holomorphic fibre bundle 6(c-)2X with fibre (C*)^ associated with 
the composite of the embedding homomorphism (C*)^ and (xi, X2)- Now, the 

covering X of Xq admits an injective C°° map into h^'^X with dense image and 
the composite of this map with the embedding of hf^X into 6(c*)2X is an injective 
holomorphic map X — )■ h^c-yX. Further, the bundle 6(c*)2X admits a holomorphic 
trivialization 77 : 6(c*)2X — Xq x (C*)^. We choose Xi(l) ^"^^ XiiX) so close to 
1 e that the image T]{bj2X) C Xq x (C*)^ is sufficiently close to Xq x T^. Thus 
identifying X (by means of holomorphic injection X 6(c*)2X A Xq x (C*)^) 
with a subset of Xq x (C*)^, we obtain that X is sufficiently close to Xq x T^. 
Next, we construct a smooth complex hypersurface in Xq x (C*)^ such that in each 
cylindrical coordinate chart Uq x (C*)^ on Xq x (C*)^ for Uq Xq simply connected 
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it cannot be determined as the set of zeros of a holomorphic function on Uq x (C*)^. 
Intersecting this hypersurface with X we obtain a non-cyhndrical almost periodic 
hypersurface in X. (To construct such a hypersurface in Xq x (C*)^, we determine 
a smooth divisor in (C*)^ that has a non-zero Chern class (i.e., it cannot be given 
by a holomorphic function on (C*)^), and whose support intersects the real torus 
C (C*)^ transversely. Then we take the pullback of this divisor with respect to 
the projection Xq x (C*)^ — > (C*)^ to get the desired hypersurface.) 

3.5. Examples of spaces in Theorem 12.291 (1) Let a = ^oo(G'), / be the 
collection of all subsets of G ordered by inclusion. It is easy to verify that given 
i G / we can define to be the closed linear subspace spanned by translates {Rg{xi.) '■ 
g e G} of the characteristic function Xl of subset l. 

(2) Let o = AP{Z"') (see subsection I3.1f 2)). We can take I to be the collection 
of all finite subsets of M" ordered by inclusion and at(Z") := span^jt i— )■ e*^'^'*^ A G 
L,ie I,te Z"}. 

We can also consider o = APq{'Z"'), the algebra of almost periodic functions on 
having rational spectra (see subsection 13.1( 3)). Here we take I to be the collection 
of all finite subsets of ordered by inclusion and define spaces at(Z") similarly to 
the above. 

(3) Let a = AP{G) (see subsection 13.1( 2)) and / consist of finite collections of 
finite- dimensional irreducible unitary representations of group G. We define Ot(G), 
where l = {ai, . . . , am} ^ I, to be the linear C-hull of matrix elements a]^ G AP{G) 
of representations (Xfc = (o"^:'), 1 < k < m. 



4.1. Equivalent definition of holomorphic a-functions. Let A*'*(X) denote the 
space of smooth (t, s)-forms on X with compact supports endowed with the standard 
topology (see, e.g., |Demj ) . Recall that continuous linear functionals on A*'*(X) are 
called {n — t,n — s)-currents. 

There is an equivalent definition of holomorphic o-functions on a complex a- 
submanifold Z (see Definition l2.8p in terms of currents. Namely, let a be self-adjoint, 
then a function / G 0{Z) on a complex a-submanifold Z C X is a holomorphic a- 
function if and only if it is bounded on subsets Z fl p^^{Uo), Uq d Xq, and the 
corresponding current C/, 



is an a-current meaning that for each (p the function G 3 g ^ \^Cf,ipg) belongs to 
algebra o; here fg{x) := ip{g ■ x) {x E X). (The proof follows an argument in |Fav2[ 
Prop. 2.4].) 

In the setting of Example 11.21 (holomorphic almost periodic functions on tube do- 
mains) almost periodic currents were studied, e.g., in |FRR2j (see further references 
therein) . 



4. Comments 



(4.1) 
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4.2. Cylindrical o-divisors. The class of a-principal divisors is contained in a 
larger class of cylindrical a-divisors, i.e., a-divisors determined by functions fa G 
Oa{Ua) with Ua = p^^(f/o,a) for some open Uo^a C Xq (see Definition 12. 14p . 

If covering dimension of the maximal ideal space of a is zero, then every a- 
divisor is a-equivalent to a cylindrical a-divisor (the latter follows from an equivalent 
definition of a-divisors as divisors on fibrewise compactification CaX, see |BrKl] ). 
In particular, all £oo-, ioo{G)- (for a residually finite group G), APQ-divisors (see (1) 
and (3) in subsection 13. ip are £oo-, ^oo(G)-, APQ-equivalent to cylindrical divisors 
(see Examples 3.3(3) and 3.3(4) in |BrK3] ). There are, however, non-cylindrical 
AP-divisors, see subsection 4.4 in |BrKl] . 

For an a-divisor E on X Theorem 12.201 implies the following: 

(a) If there exists a function / e OaiU), where U = p~^{Uq), Uq C Xq is open, 
such that E\u is determined by /, then E is a-equivalent to a cylindrical divisor 
(see the argument in the proof of Theorem I2.20p . 

(b) If a = AP{G) and E not a-equivalent to a cylindrical a-divisor, then the 
projection of supp(i^^) to Xq is dense (the converse is not true, see subsection 13.4( 4) ) . 

4.3. Almost periodic divisors. We use notation introduced in subsection 14.11 Let 
Te be the current of integration of a divisor E G Div(X), i.e., 

{Te,^):= [ ^, ^eA:~''-\X) 

J E 

(see, e.g., |Dem] ) . One can prove that ii E E Divyip(X), then current Te is almost 
periodic. Conversely, if the current of integration Te of a divisor E G Div(X) is 
almost periodic, then E is equivalent to an AP-divisor. 

4.4. Approximation of holomorphic almost periodic functions. (1) Let 

Oq{T) C O ap{z^){T) be a subspace determined by the choice of spaces a^ = at(Z") 
{l G /) as in subsection 13.5( 2). We show that exponential polynomials, see (11. ip . 
are dense in Oo{T). 

We denote ex{t) := e^<^'*> (A G M", t G Z"). Clearly, ex G 0{x}{T). Now, let 
L = {Ai, . . . , Am}. Since functions ex,. {1 < k < m) are linearly independent in a^, 
there exist linear projections p^^Xk '■ ^ "^{Afc}- Since projections Pi.,Xk, I < k < m, 
are invariant with respect to the action of G on itself by right translates, they 
determine projections P^^Xk • C^t(^) ~^ ^{Afe}(^)- (The latter follows, e.g., from 
the presentation of functions in Oap{T) as sections of holomorphic Banach vector 
bundle CapXq, see (12. 8p . where projections Pt,Afe become bundle homomorphisms 
Ca.Xo Ca^^^yXo.) Therefore, there exist functions /a^ G 0{Xk}{T), /a^ := Pt,Afc(/), 
1 < k < m, such that f{z) = J2T=i f>^ki^)' z E T. It is easy to see that for each fx^. 
there exists a function hx^. G 0(To) such that fxk/^Xk — 'P*h\,,', hence. 



(4.2) 



m 

f{z) = J2iP*hxJ{z)e'^''^''\ zeT. 

k=l 
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Since the base Tq of the covering is a relatively compact Reinhardt domain, functions 
hxf. admit expansions into Laurent series (see, e.g., [S]) 

oo 
\a\=—oo 

where a = («!,...,«„) is a multiindex, |a| := ai + ■ ■ ■ + an- Since p{z) = 
(e*^S • • • ) e*^"), z = {zi, . . . , Zn) € T (see Example II. 2p . each p*h\i^ admits an ap- 
proximation by finite sums 

M 

(4.3) Yl ^"^'^"''^ 

\a\=-M 

converging uniformly on subsets p~^(Wo) C T, Wq ^ Tq. Together with fl4.2p this 
implies that exponential polynomials (11. ip are dense in Oo{T). 

A similar argument shows that the algebra of holomorphic almost periodic func- 
tions with rational spectra (whose elements admit approximations by exponential 
polynomials (11. ip with € Q") coincides with algebra Capq(7') (see subsection 
M3)). 

(2) Let Xq be a non-compact Riemann surface, p : X ^ Xq be a regular covering 
with a maximally almost periodic deck transformation group G (for instance, Xq is 
hyperbolic, X = D is its universal covering and G = 7ri(Xo) is a free (not necessarily 
finitely generated) group). Functions in Oap{X) (see subsection 13. 2 p arise, e.g., as 
linear combinations over C of matrix entries of fundamental solutions of certain 
linear differential equations on X. 

Indeed, let Uq be the set of finite dimensional irreducible unitary representations 
cr : G — )■ Um (m > 1), J be the collection of finite subsets of Ug directed by inclusion, 
and for each l G I let AP^{G) be the (finite-dimensional) subspace generated by 
matrix elements of the unitary representations a E l. Then by Theorem 12.291 the 
C-linear hull Oo{X) of spaces Ct(X) is dense in Oa{X) (note that for each a G Ug 
the space 0{o-} {X) is the C-linear hull of coordinates of vector- valued functions / in 
0{X, C"^) having the property that f{g ■ x) = a{g)f{x) for all (7 G G, x G X). Now, 
a unitary representation cr : G — )■ Um-, m > 1, can be obtained as the monodromy 
of the system dF = uF on Xq, where a; is a holomorphic 1-form on Xq with values 
in the space of m x m complex matrices Mm,(C) (see, e.g., |Foj ) . In particular, the 
system dF = {p*uj)F on X admits a global solution F G C(X, GLm(C)) such that 
F o = Fa{g) {g G G). By definition, a linear combination of matrix entries of 
F is an element of Oap{X). 

4.5. Approximation property. Recall that a (complex) Banach space B is said 
to have the approximation property if for every compact set C -B and every e > 
there is a bounded operator T = T^ k ^ J^{B^ B) of finite rank so that 

\\Tx — x\\b < £ for every x E K. 
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For example, space AP{G) of almost periodic functions on a group G (see subsec- 
tion [3lT](2)) has the approximation property with (approximation) operators T in 
C{AP{G),APo{G)) (see, e.g., an argument in [Sh]). 

In subsection 12.51 suppose additionally to conditions (l)-(3) that 

(4) spaces a^, i G /, are finite-dimensional, and 

(5) space a has the approximation property with approximation operators S G 
£(a, ao) equivariant with respect to the action of G on a by right translations, i.e., 
S{Rg{f)) = Rg{S{f)) for all / G a, ^7 G G. 

One can show that if Xq is a Stein manifold and -Do <e Xq is a strictly pseudoconvex 
domain, then the Banach space Aa{D) := Oa{D) fl Ga{D), D := p^^{Dq), has the 
approximation property with approximation operators in C[AaiD), Ao{D)) (here 
Ao{D) is defined similarly to Oq{D) in Theorem I2.29p . 

5. Structure of fibrewise compactification CaX 

5.1. Complex structure. A function / G C{U) on an open subset U C c^X 
is called holomorphic, i.e., belongs to the space 0{U), if L*f is holomorphic on 
V := t^^{U) C X in the usual sense (see subsection 12. II for notation). 

The proof of the next proposition is similar to the proof of Proposition 2.3 in 
[B?K3] . 

Proposition 5.1. The following is true: 

(1) A function f in Ga{V) determines a unique function f in G{U) such that 
L* f = f; moreover, f G Oa{V) if and only if f & ^{U)- Thus, there are 
monomorphisms CaiV) G{U), OaiV) C(f/). 

(2) If a is self-adjomt, then G^iV) ^ C(f/) and C„(V) = C(f/). 

Let Uq C Xq be open. A function / G C(f/) on an open subset U C Uq x Ga 
is called holomorphic if the function j*f, where j := Id x j : [/q x G — )• f/o x Ga, 
is holomorphic on the open subset j^^iU) of the complex manifold Uq x G (see 
subsection 12. II for the definition of the map j). 

For sets U as above, by OiU) we denote the algebra of holomorphic functions 
on U endowed with the topology of uniform convergence on compact subsets of U. 
Clearly, / G G(cnX) belongs to O(coX) if and only if each point in CaX has an open 
neighbourhood U such that f\u G OiU). 

By Ou we denote the sheaf of germs of holomorphic functions on U. 

The category Ai of ringed spaces of the form (?7, Ou), where U is either an open 
subset of CaX and X is a regular covering of a complex manifold Xq or an open 
subset of Uq X Ga with Uq C Xq open, contains in particular complex manifolds. 

Definition 5.2. A morphism of two objects in M, that is, a map F g G(f/i, U2), 
where iUi,Oui) G A^, i = 1,2, such that F*Ou2 Ou^, is called a holomorphic 
map. 

The collection of holomorphic maps F : f/i — )■ U2, iUi,Ou.) G Ai, i = 1,2, is 
denoted by C(f/i,t/2). If F G 0(f/i,t/2) has inverse F~i G OiU2,Ui), then F is 
called a biholomorphism. 
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Further, over each simply connected open subset Uq C Xq there exists a biholo- 
morphic triviahzation ip = %pu^ : p~^{Uo) — )■ t/o x G of covering j9 : X — )■ Xq which 
is a morphism of fibre bundles with fibre G (see subsection 12 ■4p . Then there exists 
a biholomorphic triviahzation Tp = ipuo '■ P^^{Uo) Uq x of bundle CaX over Uq 
which is a morphism of fibre bundles with fibre Ga such that the following diagram 



UqXG Uq X Go 

is commutative. 

For a given subset 5 C G we denote 

(5.1) U{Uq,S):=^-\UqxS) 

and identify Yi{UQ, S) with Uq x S where appropriate (here II{Uq, G) = p~^{Uq)). 
For a subset C Gn we denote 

(5.2) fl{UQ,K) {=II,{Uq,K)) ■.= ^~\UqxK). 

A pair of the form (n(?7o, K),ijj) will be called a coordinate chart for c^X. Similarly, 
sometimes we identify II^Uq, K) with Uq x K. If C Ga is open, then, by our 
definitions, ip* : 0{Uq x K) ^ 0{J1{Uq^ K)) is an isomorphism of (topological) 
algebras. 

5.2. Basis of topology on CaX. By O. we denote the basis of topology of Gq 
consisting of sets of the form 



(5.3) < ?7 G G„ : max \hi{rii) - /ii(?7o)| < ^ 

I l<i<m 

for TjQ G Ga, hi, . . . ,hm G G(Gn), and e > 0. 

The fibrewise compactification c^X is a paracompact Hausdorff space (as a fibre 
bundle with a paracompact base and a compact fibre); thus, CaX is a normal space. 

It is easy to see that the family 

(5.4) 03 := {II(Vo, L) C CaX : Vq is open simply connected in Xq and L G 0} 
forms a basis of topology of c^X. 

5.3. Complex submanifolds. To formulate the required definition note that for 
every / G 0{UqxK), where Uq C Xq, K (Z Ga are open, functions f(-,uj), u E K, are 
in 0{Uq). Indeed, since / G 0{Uq x K), functions Uq 3 z ^ f{z,j{g)) {g G j~^{K)) 
are holomorphic. Then since j{j~^{K)) is dense in K (see Section [2]) and / is 
bounded on each S UqX K,hj the Montel theorem /(-, u) G 0{Uq) for all u E K. 



Definition 5.3. A closed subset Y c CaX is called a complex submanifold of 
codimension k if for every y E Y there exist its neighbourhood of the form U = 
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n(f/o, K) C CaX, where Uq C Xq is open and simply connected, K C Ga is open, 
and functions hi, . . . ,hk € 0{U) such that 

(1) Y nU = {x eU : hi{x) = ■■■ = hk{x) = 0}; 

(2) Rank of the map z i— )■ [hi{z, u), . . . , hk{z, a;)) is k at each point x = {z, u) G 

Ynu. 

The next result on the local structure of a complex submanifold of c^X follows 
straightforwardly from the inverse function theorem with continuous dependence on 
parameter (Theorem 16. 2p . 

Proposition 5.4. Let Y C CaX be a complex submanifold. For every yo &Y there 
exist an open neighbourhood V C CqX of y, open subsets Vq C Xq and K C Ga, 
a (closed) complex submanifold Zq of Vq (of the same codimension as Y), and a 
biholomorphic map $ G 0{Vq x K, V) such that $(Vo x (K n j{G))) =Vn l{X) 
and ^-^{Vr\Y) = Zo x K. 

(See the proof in subsection 16.31 ) 

We apply this proposition to establish the following important fact (see subsection 
12.11 for the definition of a coherent sheaf on CaX). 

Proposition 5.5. The ideal sheaf ly of germs of holomorphic functions vanishing 
on a complex submanifold Y C CaX is coherent. 

Now, we list other properties of complex submanifolds of c^X. 

Proposition 5.6. Any complex submanifold Y of CaX has the following properties: 
(i) i^^(y) C X is a complex submanifold of X of codimension k. 
(a) Y n i.{X) is dense in Y . 

Assertion («) is immediate from the definition while assertion [ii) follows from the 
fact that L.{X) is dense in X combined with Proposition 15.41 

Proposition 5.7. If Z G X is a complex a-submanifold (see Definition \2.b]] . then 
the closure of l{Z) in CaX is a complex submanifold of CaX . 

Suppose that a is self-adjoint. IfY is a complex submanifold ofcaX, then l~^{Y) C 
X is a complex a-submanifold. 

Definition 5.8. A function / g G(Y) is called holomorphic if i*f e 0[r'^(Y)). 
The algebra of holomorphic functions on Y is denoted by 0{Y). 

Similarly, we define holomorphic functions 0{U) on an open subset U G Y as 
those continuous functions whose pullbacks by l are holomorphic in the usual sense. 

Proposition 5.9. Suppose that a is self-adjoint, Y is a complex submanifold of 
c^X. We set Z := l-\Y). Then Oa{Z) ^ l*0{Y) (so every function m f G 0^{Z), 
see Definition \2.8[ admits a unique extension to a function f G 0(Y) such that 

f = ^*/;- 
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5.4. Cartan theorems A and B on complex submanifolds. The notion of a 
coherent sheaf on CaX (see subsection 12. ip extends to analytic sheaves on a complex 
submanifold of CaX. It turns out that if Xq is a Stein manifold, then for such 
coherent sheaves we have analogues of Cartan theorems A and B (Theorems 15.111 
and 15.121 below) . 

More precisely, we have the structure sheaf Oy of germs of holomorphic functions 
on a complex submanifold Y C CqA (see Definition 15. 8p . A coherent sheaf A on Y is 
a sheaf of modules over Oy such that every point in Y has a neighbourhood V G Y 
over which, for any A > 1, there is a free resolution of A of length A, i.e., an exact 
sequence of sheaves of modules of the form 

'•Pn—1 u^o </?n 

(here ipi, < i < N — 1, are homomorphisms of sheaves of modules). 

Given a sheaf of modules A over Oy, we define a sheaf A on CaX (called the 
trivial extension of A) by the formulas 

•A\c,x\Y ■■= 0, A\y ■■= A. 

Theorem 5.10. If A is a coherent sheaf on a complex submanifold Y C CaX , then 
A is a coherent sheaf on CaX . 

It is immediate that H''{Y,A) = H''{caX,A). Therefore, Theorems [231 [23] and 
Theorem 15.101 imply the following analogues of Cartan theorems A and B. 

Let v4 be a coherent sheaf on a complex submanifold Y C CaX with Xq Stein. 

Theorem 5.11. Each stalk ^A (x G Y) is generated by sections V{Y,A) as an 
xOY-module ("Cartan type theorem A"). 

Theorem 5.12. Sheaf cohomology groups H\Y, ^) = for all i > 1 ("Cartan type 
theorem B"). 

Let Y be either CqA or a complex submanifold of CaX. The definition of coher- 
ence on Y extends directly to open subsets of Y . It is natural to call such subset 
W G Y a Stein manifold if all higher cohomology groups of coherent sheaves on W 
vanish (i.e., Cartan type theorem B holds on W). One can ask about characteri- 
zation of Stein open submanifolds W G Y (e.g., in terms of appropriately defined 
plurisubharmonic exhaustion o-functions on W). 

5.5. Dolbeault-type complex. In this part we describe a Dolbeault-type complex 
and analogues of Dolbeault isomorphisms used in the proof of Proposition 12.191 

Let Y G CaX be a complex submanifold. We define the holomorphic tangent 
bundle TY of y as a holomorphic bundle on Y whose pullback by l to l~^{Y) 
coincides with the holomorphic tangent bundle of the complex submanifold l~^{Y) G 
X (see the proof of Theorem 12.91 for existence and uniqueness of TY). 

The definition of the antiholomorphic tangent bundle TY of Y is analogous. 
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We define the complexified tangent bundle of Y as the Whitney sum 

(5.5) T^Y ■=TY ®TY. 

By A^(r) := r{Y,A'^{T^Yy) we denote the space of continuous sections of the 
vector bundle A™(T^r)* (0 < m < n := dime Xq), where (T^Y)* is the dual bundle 
of T'^Y. Elements of A™(y) will be called continuous m-forms. 

By Proposition 15.41 for every point x &Y there exist a neighbourhood U C c^X, 
a biholomorphism ip : U ^ Uo x K, where Uq C K C Ga, K e Q (see ( l5l3l) ) 
are open, and a complex submanifold C Uq such that V9(y fl t/) = Iq ^ and 
(^(r n f/ n ^(X)) = Fq x {Knj{G)). By A"T^(ro x ir)* we denote the pullback to 
Yo X of the bundle A™(T*^Yo)* under the natural projection Yq x K Yq- Since 
'^~^\Yox{Knj{G)) '■ Y^o X {K n j{G)) — > F n f/ n l{X) is a biholomorphism of usual 
complex manifolds, 

(^-Vox{A'n.{G)))*(A'-(T^>^)*) = A'-T^(ro x iT) V„x(i.n,{G)). 

Since Fq x (iT fl j{G)) is dense in Fq x K, the latter bundle is dense in the bundle 
A'^T'^{Yq X K)*. Thus the above identity and the continuity of (p~^ imply that 
(y?-i)*(A"(T^r)*) = A™T'^(Fo x K)*. In particular, (^-^)* maps A'^iY n f/) to 
A^(Yo X i^), the space of continuous sections of A™T'^(lo x K)*. Clearly, 

(5.6) Ar(Fo y<K) = CiYo x K) A-(ro), 

where A'^{Yq) is the space of continuous m-forms on Yq and G{Yo x K) is the space 
of continuous functions on Yq x K endowed with the Frechet topology of uniform 
convergence on compact subsets of Yq x K. 

By hJ^iY) C A™(y) we denote the subspace of m-forms, that is, forms u 
such that for each "coordinate map" : U ^ Uq x K, 

(5.7) {p-yu\Ynu e A"(Fo X K) := C^{Yo x K) ® A^^Yq), 

where A™(Fo) is the space of C°° m-forms on Yq and C°°{Yq x K) C G{Yq x K) is 
the subspace of continuous functions that are C°° when viewed as functions on Yq 
taking values in the Frechet space C{K). 
We denote C^{Y) := A%Y). 

Lemma 5.13. A'^{Y) is correctly defined by (local) conditions (15. 7p . 

Let a e C°°{Yq x K). We define the differential da e A^{Yq x K) as follows. 
(To simplify notation, we may assume without loss of generality that Yq is an open 
subset of C"-^) 

Define da := Y^^=i ^T^-^i^ where ^ G G'^{YqxK) is the derivative of the Frechet- 
valued map z i— )■ a{z, ■) G C{K), z = {zi, . . . , Zn-k) G Yq, with respect to Zi. 

We have the operator of differentiation d : A™(Fo x K) A"^+^(Fo x K) defined 
by the formula 

(I \ I I 

^aiUi\ ■.= ^aidui + ^daiAUi, ai e G°° {Yq x K) , Ui E A"'{Yq). 
i= J 1=1 i=l 
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Now, we define the operator of differentiation d : hJ^(Y) — )■ K'^'^^iY): 

For eacli coordinate map (p -.U UqX K and u G A"^(Y) the form du G A'^"^^{Y) 
satisfies 

(5.9) {y^-^ydu = d{{y^-^yuj), 

where the right-hand side is defined by fl5.8p . 

Existence of du satisfying local conditions (15.91) follows from the facts that due to 
these conditions l* o d\\m(^Y)\u = do i*|A™(y)|[/, where the d on the right denotes the 
standard differentiation on the space of differential forms defined on the complex 
submanifold l^^{Y) C X, and that l{l''^(Y)) is dense in Y (see Proposition 15.41) . 
By the same reason we have do d = 0. 

Further, (15. 5p induces decomposition (T'^Y)* = TY* (BTY* and, hence, 

(5.10) A'"(r) = ©p+fc=„AP''^(F), 
where 

AP'\Y) := r(r, A^TY* ® AW*) n A'"(r). 

Since the puUback by l of TY* coincides with the holomorphic cotangent bundle of 
complex submanifold l^^{Y) C X, the pullback by l of decomposition (I5.10p agrees 
with the usual type decomposition of differential forms on l~^{Y). 

Using the natural projections tc'^'^ : A"^{Y) — AP'^{Y) [m = p + k), we define 

d := 7rP+i''= od, d:= nP'^+^ o d. 

Since pullbacks by l of these operators coincide with their usual counterparts on the 
complex submanifold l~^{Y) C X and the image by l of the latter is dense in Y, we 
have d o d = 0, d o B = and d = d + d. 

The above definitions and notation transfer naturally to open subsets of Y. In 
particular, we can define the sheaf A^'*' of germs of C°° {p, g)-forms on Y. 

Lemma 5.14. For any open cover U of Y there is a subordinate partition of 
unity. 

This lemma implies that A^''^ is a fine sheaf, and therefore cohomology groups 
if(r,AP''=) = for all r > 1 (see, e.g., [GR] ). 

Let Z^'^ C A^'^ denote the subsheaf of germs of 9-closed forms. We have the 
following analogue of (9-Poincare lemma for sections of Z^'^. 

Proposition 5.15. Let Y C c^X be a complex submanifold. For every point x &Y 
there are neighbourhoods W,V G Y , W V , of x such that restriction to W of any 
d- closed form in AP'^"*"^(y) is d-exact. 

Let Z^'^{Y) C A^'^iY) denote the subspace of 5-closed forms. We define the 
Dolbeault cohomology groups of Y as 

HP^k^Y) := Zf'\Y) /dAP'''-\Y), p>0, k > 1, 
HP'^Y) := ZP'%Y). 



28 



A. BRUDNYI AND D. KINZEBULATOV 



We set := Z^'^. Then fi^ is the sheaf of germs of holomorphic p- forms on 
Y, i.e., holomorphic sections of the bundle A^TY*. (Note that is the sheaf of 
germs of usual holomorphic p- forms on the complex submanifold l^^{Y) C CaX.) 

Since A^'^^ is a fine sheaf, from Proposition 15.151 and a standard result in |GrR[ 
Ch.B §1.3] we obtain 

Corollary 5.16 (Dolbeault-type isomorphism). Vj9, > 0, HP'^{Y) = H''{Y,nP). 

Since is the sheaf of germs of sections of a holomorphic vector bundle on Y, 
it is coherent (see subsection 15. 4p . Then the previous corollary and Theorem 15.121 
imply 

Corollary 5.17. Suppose that Xq is a Stein manifold, Y C c^X is a complex 
submanifold. Then 

HP'^iY) = for all p>0, k>l 
(i.e., any d- closed form in AP''^{Y) is d-exact). 

Similarly one can define the de Rham cohomology groups of Y and obtain an 
analogue of the classical de Rham isomorphism (see the proof of Proposition 12 . 1 9( ) . 

5.6. Characterization of CaX as the maximal ideal space of Oa{X). Now we 
relate the fibrewise compactification c^X of covering p : X ^ Xq to the maximal 
ideal space Mx of algebra Co(X), i.e., the space of non-zero continuous homomor- 
phisms Oa{X) C endowed with weak* topology (of Oa{X)*). 

Theorem 5.18. Suppose that algebra a is self-adjoint, and Xq is a Stein manifold. 
Then Mx is homeomorphic to CaX . 

Since l{X) is dense in CaX, and the natural mapping of X into Mx, sending 
each point of X to its point evaluation homomorphism, coincides with l under the 
homeomorphism of Theorem I5.18[ we obtain the following corona-type theorem. 

Corollary 5.19. Let a be self-adjoint, Xq be a Stein manifold. Then l{X) is dense 
m Mx. 

6. Proofs: preliminaries 

6.1. Cech cohomology. For a topological space X and a sheaf of abelian groups 
(S on X by T{X, S) we denote the abelian group of continuous sections of S over X. 

Let lA be an open cover of X. By C''(U,S) we denote the space of Cech i- 
cochains with values in S, hy 6 : C^iUjS) — )■ C^^^{U,1Z) the Cech coboundary 
operator, by Z\U,S) := {a G C^{U,S) : (5(t = 0} the space of i-cocycles, and by 
B\U,S) := {a e Z\U,S) : a = 6{ri),ri G C'~\U,S)} the space of i-coboundaries 
(see, e.g., |GR] for details). The Cech cohomology groups H\U,S), i > 0, are 
defined by 

W{U, S) := Z^W, S)/B\U, S), z > 1, 
and H\U,S) := T{U,S). 
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6.2. 9-equation. Let i? be a complex Banach space, Dq C Xq be a strictly pseu- 
doconvex domain. We fix a system of local coordinates on Dq. Let {VFo,i}j>i be the 
cover of by the coordinate patches. By A[°'''^(L'o; -B), g > 0, we denote the space 
of bounded continuous -B-valued (0, g)-forms on Dq endowed with norm 

(6-1) ll^lbo = ll^llSoi •= \\^c,A^)\\b, 

where Ua^i (a is a multiindex) are coefficients of forms oj\wQi G Af''^'^(WQ^i,B) in 
local coordinates on PVo,i- 

The next lemma follows easily from results in |HL] (proved for 5 = C) because 
all integral representations and estimates are preserved when passing to the case of 
Banach- valued forms. 

Lemma 6.1. There exists a hounded linear operator 

Rn,,B e C (^A^^''\Do,B),Af'''-'\Do,B)) , g > 1, 

such that if uj & Af''^\DQ, B) is C°° and d-closed on Dq, then BRdq^b^ = ^■ 



6.3. Inverse function theorem with continuous dependence on parameter. 

Theorem 6.2. Let K he a topological space, -81,-82 <s he open halls centered 
at the origin. Fix a point (xq, ?7o) & Bi x K . Suppose that a continuous map 
G : Bi X K B2 satisfies 

(1) G{-,ri) : Bi ^ B2 is holomorphic for every rj & K, 

(2) Jacohian matrix DxG{xo,riQ) is non- degenerate. 

Then there exist an open suhset W G B2 x K and a continuous map H : W Bi 
such that 

(a) (G(xo,77o),^o) e W, 

(b) H{-,ri) is holomorphic on W H (i?2 x {v}) foi^ V /^'^ which this set is 
non-empty, 

(c) G[H{z, 'r]),r]) = z for all {z, r]) G W. 

Theorem 16.21 follows easily from the contraction principle with continuous depen- 
dence on parameter, see e.g., |KA[ Ch.XVI]. 

As an application of Theorem 16.21 we prove Proposition 15.41 on the local structure 
of complex submanifolds of c^X. 



Proof of Proposition [5i7} Let Y C CaX be a complex submanifold and yo G Y. In 
notation of Definition 15. 3^ there exists a neighbourhood U := n(f/o, L) C c^X of yo, 
where Uq C Xq is a simply connected coordinate chart and L C Gq is open, such 
that Y nU = {y e U : hi{y) = ■■■ = hk{y) = 0} with hi G 0{U) {I < i < k) 
satisfying non-degeneracy condition (2) of the definition. 

Since sets U and Uq x L are biholomorphic (see subsection 15. ip . in what follows 
we identify them. Next, since functions hi satisfy the non-degeneracy condition of 
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Definition I5.3[ we may choose coordinates Xi, . . . , x„ on Uq so that the Jacobian 
matrix DxG{xo,rio), y := (xo,?7o), of the map 

G{x, 7]) := {hi{x, 7]),..., hk{x, r]),Xk+i, • • • , , x := (xi, . . . , (x, r]) eUqX L, 

is non-degenerate. Also, we may assume without loss of generality that Uq = Bi 
and G{Bi,r]) C B2 for all rj E L, where Bi (s C", i = 1,2, are open balls centered 
at the origin. Hence, we can apply Theorem 16.21 In its notation, shrinking W, if 
necessary, we may assume that W = Vq x K for some open Vq (Z B2, K G L which 
we take as the required sets in the formulation of Proposition 15.41 We also take 
(^{z,r]) := [H{z,ri),r]), {z,r]) eVoxK, and V := ^{Vq x K) C U. By definition, 
$ G OiVo X K,V) (see subsection 15. ip . Further, since (Go (^[z),r]) = {z,!]) for all 
iz,ri) eVoX K, 

{hiO^){zi,...,Zn,r]) = Zi, {z,r])eVoxK, z = {zi, . . . , z^), 1 < i < k. 

Therefore, <^-\V n Y) = Zq x K, where Zq := {(0, . . . , 0, z^+i, . . . , G Vq : 
\Zi , . . . , Zfi ) G Vo} is a complex submanifold of codimension k. 

By our construction we also have $(Vo x (K fl j((j))) = V D i.{X). 

The proof of the proposition is complete. □ 

7. Proof of Theorem 11.31 

Fix some fi' d and denote T' := + iCl' C C". We endow T' with the 
Euclidean metric induced from C". 
We will need the following definition. 

Definition 7.1. A function / G C(T') is called continuous almost periodic if the 
family of its translates {T' 3 z f{z + t)}t^^n is relatively compact in ChiT') (the 
space of bounded continuous functions on T' endowed with sup-norm). 

Proposition 7.2 (see, e.g., |Besj ) . Any continuous almost periodic function on T' 
is hounded and uniformly continuous. 

By APC{T') we denote the Banach algebra of continuous almost periodic func- 
tions on T' endowed with sup-norm. 
We set 

p{z):={e''\...,e''-), z = {z,, . . . , z^) e T' , and T^=p(T'). 

Then Banach algebra Cap{T'), AP := v4P(Z"), = p-^{xQ) (xq G Xq), associated 
to covering p : T' Tq and endowed with sup-norm, is well defined (see Introduc- 
tion). 

To prove the theorem it suffices to show that APC{T') = Cap{T'). (Because 
the space of holomorphic almost periodic functions on T consists of all functions 
in 0{T) whose restrictions to each tube subdomain T' G T are in APC{T'), and 
Oap{T) := 0{T) n {/ G C{T) : G C^p(T') for each T C T}.) 

First, let / G APC{T'), i.e., for any sequence {t^} C M" there exists a subsequence 
of [V 3 z I—)- f{z -\- tki)} that converges uniformly on T'. In particular, it follows 
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that for each fixed zq G T' and a sequence {^a;} C Z" the family of translates 
{Z" 3 g H- f{zo + g + dk)} has a convergent subsequence which implies (since 
Cap(T') is a metric space) that it is relatively compact in the topology of uniform 
convergence on Z". This means that the function Z" 9 (7 i— )■ f{zo + g) belongs to 
AP{1T'\ Also, by Proposition 17.21 function / is bounded and uniformly continuous 
on T'. Hence, by definition, / G Cap^T')- 

Now, let / e Cap(T'). We must show that / G APCiT'). To this end we fix 
some sequence {tfc} C M". Let /i : M" — > ]R"/Z" be the natural projection. Since 
M"/Z" is compact, {/i(tfc)} has a convergent subsequence. We may assume without 
loss of generality that {/i(tfc)} itself converges and has limit 0. Hence, there exists 
a sequence {d]?^ C Z" such that \tk — d}\ — )■ as k — )■ 00. Since / is uniformly 
continuous on T', functions 

hk{z) := \f{z + tk) — f{z + dk)\ — 7- uniformly on T' as /c — )■ 00. 

Hence, it suffices to show that sequence {T' 3 z f{z + dk)} has a convergent 
subsequence. 

Let C := {z = {zi,...,Zn) eT' -.0 < Re{zi) <1,1 <i<n}. Since / G Cap(T'), 
for each fixed w G C the family of translates {Z" 3 g ^ f{w + g + dk)} is relatively 
compact in the topology of uniform convergence on Z". Let S* C C be a countable 
dense subset. Using Cantor's diagonal argument we find a subsequence {rffc,} of 
{dk} such that for each w E S the family of translates {Z" 3 g 1— i- f{w + g + dki)} 
converges in the topology of uniform convergence on Z". 

Now, since / is uniformly continuous on T', for every e > there exists 6 > 
such that for all Wi,W2 G C satisfying |wi — W2I < S and all /i G Z", 

\f{w, + h)-f{w2 + h)\<'-. 

Since C is compact, it can be covered by finitely many 5- neighbourhoods of points, 
say, wi, . . . ,Wp, in S. Then we can find G N so that for all l,m > N, wj, 

1 < j < and g G Z", 

\f{wj + g + dk^) - f{wj + g + dkj\ < |. 

The last two inequalities together with the triangle inequality imply that for all 
l,m > N, z e C and g G Z", 

\f{z + g + dk,)- f{z + g + dkj\ <e. 
Since {z + g : z G C, g G Z"} = T', the latter implies that for all /,m > and 

zeV, 

\f{z + dk,) - f{z + dkj\ < e. 

Thus [T 3 z ^ /(z + dfcj} is a Cauchy sequence in the topology of uniform 
convergence on T', i.e., it converges uniformly on T'. 
The proof is complete. 
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8. Proofs of Theorems [2l7l and \2A0\ 

8.1. Proof of Theorem 12.71 Our proof is based on Theorem 12.31 and the equiv- 
alence of notions of a complex o-submanifold of X and a complex submanifold of 
CaX (see subsection 15.31 for the corresponding definitions and results). 

Thus, it suffices to prove that given a complex submanifold Y C CqX of codimen- 
sion k there exists an at most countable collection of functions /j G 0{caX), i & I, 
such that 

{i) Y = {y e CaX : fi{y) = for all i G /}, and 

(a) for each yo E Y there exist a neighbourhood W = Il(Wo, L) (see (15. 2 p for 
notation) and functions fi-^, . . . , fi^ such that Y r\W = {y E U : fi^iy) = ■ ■ ■ = 
fikiy) — 0} the rank of map z (-)■ (/i(z, cj), . . . , fk{z, a;)), {z, u) G W, is maximal 
at each point of Y nW. 

By Proposition ESI the ideal sheaf Jy of F is coherent, hence by Theorem 12. 3 [ there 
exists an at most countable collection of sections fi G r(caX, Jy) (c Oc^x), i E I, 
that generate Jy at each point of CaX. (This collection is at most countable because 
any open cover of CaX admits an at most countable refinement as fibres of the bundle 
p : CaX — )■ Xq are compact and any open cover of complex manifold Xq admits an 
at most countable refinement.) Therefore condition (z) is valid for this collection 
of functions. In addition, for every point y^ E Y there exist a neighbourhood 
U = Il{Uo, K) of ?/o, sections fi-^, . . . , fi^ and functions Uji G 0{caX), I < j < k, 
1 < I < m, such that 

(8.1) hj = Ujifi, H h Ujmfi„,, l<j<k, 

where hj are generators of Iy\u from Definition 15.31 (modulo a biholomorphic trans- 
formation of Proposition 15.41 we may identify hj with Zj, the j-th coordinate of 
z G C"). 

Equation implies that Y nU = {y E U : fiM = ' ' ' = fiJv) = 0}- 
Next, let Vhj, V denote the vector- valued functions V zhj{z,u), V zfii{z,u), 
{z, u) E U. Then 

Vhj = UjiVfi, + ■■■ + Ujrn^f,^ on F n f/, l<] <k. 

Since (V/ij)j=i has rank k on [/, we obtain that k < m, and {uji)i<j<k,i<i<m, 
(V/iJ^j^ have rank k at each point of U. Thus there exist two subfamilies of 
vector-valued functions (wj/Jj^^i, . . . , (mj7Jj=i and V//i, . . . , Vfi^, fi := /j,, that 
are linearly independent at yo. Now, we apply the holomorphic inverse function 
theorem (see Theorem 16. 2p to the matrix identity (18. ip to find a neighbourhood 
W = Il(Wo,L) d f/ of I/O such that functions fi\w, ^ 7^ ^i, 1 < ^ < fc, belong 
to the ideal in 0(W) generated by fi^^lw, ■ ■ ■ , fijw, and the rank of map z h- )■ 
(^fij^{z,u), . . . , fif^{z,co)), {z,u) E W, is maximal at each point of F fl W. Clearly, 

Y nw = {y EU : fiM = ■■■ = kiy) = 0}. 

This completes the proof of the theorem. 

8.2. Proof of Theorem l2.9[ The proof follows the lines of the proof of the classical 
tubular neighbourhood theorem (see, e.g., |For2] ) . 
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We use notation and results of Section [51 Clearly, Theorem 12.91 is a corollary of 

Theorem 8.1. Let Xq be a Stein manifold, and Y C CgX a complex submanifold 
(see subsection \5.3\) . Then there exists an open neighbourhood Q C c^X of Y and 
maps ht G 0{Q,Q) continuously depending on t & [0, 1], such that htlv = Idy for 
all t G [0, 1], ho = Idn and /ii(fi) = Y. 

Proof. In the proof of Theorem 18.11 we use the following notation and definitions. 

Let U be an open subset of c^X or of a complex submanifold Y C CaX. In the cat- 
egory of ringed spaces {U, Ou) (see subsections 15 . 11 15731) we define in a standard way 
holomorphic vector bundles on U , their subbundles, the Whitney sum of bundles, 
holomorphic bundle morphisms, etc (see |Hz] ) . 

Now, we define the (holomorphic) tangent bundle TcaX on CaX as the pullback 
P*TXq of the (holomorphic) tangent bundle TXq of Xq. We denote by T^CaX the 
fibre of TcaX at x G qX. 

Next, we define a Hermitian metric on TcqX as the pullback by p of a (complete) 
Hermitian metric on TXq. 

Let Y C CaX be a complex submanifold. Every point x E Y has a neigh- 
bourhood U = II(t/o) K) C CaX, where Uq C Xq, K C Ga are open, so that 
Y n U is the set of common zeros of functions hi, . . . ,hk G 0{U) such that the 
maximum of moduli of determinants of square submatrices of the Jacobian ma- 
trix of the map z i-)- {hi{z,ijj), . . . , hk{z,ijj)), {z,u) G U, is uniformly bounded 
away from zero (see Definition 15. 3p . We define the tangent bundle TY of Y as 
the subbundle of TcaX\Y whose fibres are orthogonal to the local vector fields 
{z,uj) i-T- Dzhi{z,u), . . . , Dzhk{z,uj), {z,uj) G F fl f/. Namely, in local coordinates 
{z, uj) eU the metric has a form 



It is easily seen that l*TY coincides with the holomorphic tangent bundle of the 
complex submanifold t~^(y) C X. Since l{l~'^{Y)) is dense in Y , the bundle TY is 
uniquely defined by the latter condition (see subsection 15. 5p . 

Consequently, we obtain the notion of the (holomorphic) normal bundle NY C 
TcaX\Y of F. 

The tangent bundle TXq is generated by finitely many holomorphic vector fields 
Vo,fe; 1 < k < m, which determine holomorphic local flows ipk '■ Ok ^ Xq, where Ok 
is an open neighbourhood of {0} x Xq in C x Xq such that the differential of map 

Fo(it, ■) := i^pmiSm, ■) ° ■ ■ ■ ° ^liSi, •)) : Xq-^ Xq, t= (Si, ...,Sra), 




hence, if vector fields D ^hi {1 < i < k) are given by 




then T(^z,u))y consists of vectors 'Yl,i^i'§r ^^^^ that j aii{z,u)bjgij{z) = for all 
l<i<k. 
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at t = is non-degenerate. The map Fq is defined and holomorphic in a neighbour- 
hood Wo of {0} X Xo in x Xq. 

We will need notation and results of Section 4 in |BrK3] . There, we have estab- 
lished that CaX (as a set) is the disjoint union of connected complex manifolds Xh 
{H G T) each is a covering of Xq. Using the lifting property, for every G T we 
can lift Fq to a unique map Fnit, ■) : Wh — )■ Xh that is defined and holomorphic 
on the neighbourhood Wh ■= (Idc^ x Ph)~^{Wq) of {0} x Xh in x Xh, where 
Ph '■ Xh — )■ is the covering projection. It is not difficult to show that these maps 
constitute a holomorphic map 

F:W ^ c„X, 

where W := (Idc™ x p)~^{Wo) is a neighbourhood of {0} x c^X in x c^X. 
(Alternatively, one can define the map F using the covering homotopy theorem and 
the local structure of c^X, see subsection 15.11 Note that in local coordinates lifted 
from Xo the map F looks exactly the same as Fq.) 
Next, for a fixed x G CoX we consider a linear map 

e, = dt\t=oF{t,x):C^'^T,c,X. 

We denote by 6 the corresponding holomorphic bundle morphism C^xcqX — )■ TcqX. 

Since vector fields p*Voj span Tc^X, the maps 9^ are surjective, for every x G c^X. 
Since TY C TC|jX|y, we can define a holomorphic vector bundle over Y, 

E' := e*{TY) c r X C". 

Lemma 8.2. There exists a holomorphic vector bundle E over Y such that 

E'®E = Y xC^. 
Proof. We have an exact sequence of holomorphic vector bundles over Y 
(8.2) 0^ E' ^Y xC^ ^ E" ^0 

(here E" is the quotient bundle) which induces an exact sequence of Cech coho- 
mology groups with values in the sheaves of germs of holomorphic sections of the 
corresponding holomorphic vector bundles 

^ r(r, Romo{E", E')) TiY, Homo(^", Y x C")) ^ TiY, Homo(E", E")) A 

H\Y,Ilomo{E" , E')) 

Recall that sequence (18. 2p splits if and only if 6{I) = 0, where I : E" ^ E" is the 
identity homomorphism (see, e.g., |Hzt Ch. 1, 4.1d-f]). Since the sheaf Homc)(i?", E') 
is locally free. Theorem 15.121 implies that H^{Y.,Y{om.Q{E" ,E')) = 0. Hence there 
is a holomorphic homomorphism u : E" Y x such that q o u = Id, i.e., 
Y X C"" = E' ® E with E := u{E"). □ 

It follows from this lemma that the restriction 6 : E ^ TcaX\E is an injective 
holomorphic bundle morphism such that TcaX\Y = TY © 0{E). Therefore, we have 
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Lemma 8.3. 6\e determines a holomorphic isomorphism between bundles E and 
NY. 

Further, we define 

F ■=Fo{e\Ey^ : NY c„X 

and show that there exists a neighbourhood V of the zero section of NY that is 
mapped by F biholomorphically to a neighbourhood of Y in CqX. Using this and 
replacing V hj a smaller neighbourhood of the zero section of NY with convex fibres 
over Y, we can define the required maps ht by dilations along images of the fibres of 
this smaller neighbourhood under F. This would complete the proof of the theorem. 

We prove that F is a biholomorphism near the zero section of NY in two steps. 

(1) First, we show that F is a local biholomorphism, i.e., every point of the zero 
section of NY has a neighbourhood V such that the restriction F\y determines a 
biholomorphism between V and F{V) G CaX. 

Indeed, by Proposition 15.41 for every x G F one can find its neighbourhood Ux C 
CaX biholomorphic to Uq x K, where Uq C Xq, K <Z are open, such that (a) 
Y r\U is biholomorphic to Iq ^ foi' C f/o a complex submanifold of Uq\ (b) 
NY\Ynu = NYo X K; (c) F : NYq x K ^ Uq x K is determined by a collection of 
maps NYo ^ Uq continuously depending on variable in K such that the maximum 
of moduli of determinants of square submatrices of their Jacobian matrices are 
uniformly bounded away from zero. 

The required result now follows from the inverse function theorem with continuous 
dependence on parameter (Theorem 16. 2p . 

(2) Now, we show that there is a neighbourhood V of the zero section of NY such 
that F\v is an injection; since F is holomorphic, this would imply the required. 

We have defined F in such a way that it maps the fibres of E that lie over the 
points of F n Xh into Xh, for every H E T (see the definition of F above). 

Let ph be the path metric determined by the puUback to Xh of the (complete) 
Hermitian metric on Xq (that we fixed previously). We define a pseudo- metric p on 
CaX by 

p{xi,X2) := Ph{xi,X2) < oo if Xi,X2 G Xh, p{xi,X2) '■= oo otherwise. 

Let II ■ ll^,. denote the norm on the fibres of bundle NY determined by the restriction 
to NY of the Hermitian metric on Tc^X, defined above. For y E Y hj Vy we denote 
an element of NyY. For x eY we set 

Vsix) := {vy e NY : p{x,y) < 5, \\vy\\y < 5}. 

Using the construction of part (1) based on the inverse function theorem with contin- 
uous dependence on parameter, one can easily show that there is a positive function 
beC{Y) such that 

(8.3) p{x,F{vx)) <b{x)\\v.,\\, 

for all Vx in a neighbourhood of the zero section of NY. Also, using the assertion of 
part (1), one can show that there is a positive function r G C{Y) such that F\v,^(x) 



36 



A. BRUDNYI AND D. KINZEBULATOV 



is a biholomorphism for all x gY. Now, we set 

V := Ly e NY : \\vy\\y < tTTTTtI • 

I 2max{l,%)}J 

This is an open neighbourhood of the zero section of NY. Let us show that F\v 
is injective. Indeed, assume that v^, Vy E V and F{vx) = F{vy). Without loss of 
generality we may assume that riy) < r{x). Thus, using the triangle inequality and 
(18 -Sp we obtain: 

p{x, y) < p{x, F{v,)) + p{F{v^), F{vy)) + p{y, F{vy)) = 

p{x, F{v^)) + p{y, F{vy)) < ir(x) + ^r(y) < r{x). 

It follows that Vx, Vy G Since -F|v;,(^)(x) is a biholomorphism, we arrive to a 

contradiction with the assumption F{vx) = F{vy). Therefore, F\v is injective. 
The proof of the theorem is complete. □ 

Remark 8.4. In the classical tubular neighbourhood theorem the neighbourhood 
of a closed submanifold is chosen to be a Stein open submanifold (see, e.g. |For2] ). 
The following question naturally arises: is it possible to choose Q in Theorem 18. II to 
be a Stein open submanifold of CaX (see the definition in subsection 15. 4p ? 

8.3. Proof of Theorem 12.101 In view of Propositions 15. ![ 15.91 and 15. 7[ Theorem 
12.101 follows from 

Theorem 8.5. Let Xq be a Stein manifold, Y C CqX be a complex submanifold, 
f G 0{Y). Then there exists a function F G 0{caX) such that F\y = f ■ 

Proof. We will need 

Lemma 8.6. Let f G 0{Y). For every point yQ E Y there exist a neighbourhood 
V C CaX of yo and a function Fy G OiV) such that Fv\vnY = /|vny- 

Proof. By Proposition 15.41 there exist an open neighbourhood V C c^X of yo, open 
subsets Vq C C", K C Ga, and a biholomorphic map $ G OiVo x K, V) such that 

^-\V nY) = ZoxK, where = {(0, . . . , 0, Zk+i, ■ ■ ■ , z^) : (^i, . . . , ^n) e Vo}. 

Let / := $7 G 0{Zo x K). We define 

Fv{zi, ...,Zn,Uj) := f{Zk+l, ...,Zn,Uj), {zi, . . . ,Zn,Oj) eVo X K, 

and Fv := ($~^)*Fv.. □ 

Now, by Lemma 18.61 there exist an open cover U = {Uj} of CaX and functions 
fj G 0{Uj) such that fjlrnUj = fWnu, H Y f] Uj ^ 0; if Y f] Uj = 0, we define 
fj := 0. Then {gij := fi — fj on f/j fl Uj 7^ 0} is a 1-cocylce with values in 
Jy. By Proposition 15.51 sheaf Jy is coherent, so by Theorem 12.41 H^(c„X. Iv) = 0. 
Thus, {sfijllv represents in if^(V,/y) for a refinement V of U. To avoid abuse of 
notation we may assume without loss of generality that V = U. Therefore, we can 
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find holomorphic functions hj G r(f/j, ly) sucli tliat gij = hi — hj on Ui fl Uj ^ 0. 
Now, we define F\u. := fj — hj for all j. □ 

9. Proofs of Theorems ITTTi [2T8l [2720] and Proposition \TT9\ 

9.1. In the proofs we use the following definitions. 

(1) Let {Ua} be an open cover of Z G X and L and L' be line bundles on Z 
in one of the categories introduced in subsection 12.31 defined on {Ua} by cocycles 
dai3 and d'^^, respectively. Recall that an isomorphism between L and L' is given 
by nowhere zero functions ha on Ua (of the same category as dap, d'^p) such that 
^'ai3 — hadajdh'p'^ OYiUa^Ujs for all a, (3. 

(2) In the proofs below we work with the Cech cohomology groups of sheaves on 
X or complex a-submanifolds of X associated to presheaves of functions defined on 
subsets of X open in topology Ta or their intersections with the submanifolds. By 
definition (see, e.g., |Gun] ). these groups are inverse limits of the Cech cohomology 
groups defined on open covers of X or of its complex a-submanifolds of class (7^) 
(see Definitions O and flA^ . 

(3) Recall that Oa{V) = l*0{U), where V = l'^U) e Ta, U C c^X are open. 
In particular, Oa = l*0, where O is the structure sheaf of CaX, and t : X ^ CaX 
is the canonical map (see Section [2]). Since l{X) is dense in CaX, spaces OaiV) 
and 0{U) are isomorphic. It follows from the definition of cohomology groups that 
HP{X, Oa) = HP{caX, 0),peN. A similar argument yields Hp{Z, C„) = Hp{Y, O), 
p G N, where Y C CaX is a complex submanifold and Z := l~^(Y) C X. 

9.2. Proof of Theorem 12.171 Let us prove the first assertion. 

Let E = {fa G Oa{Ua)} SO that Le is determined by the cocycle {da/s '■= fafp^ £ 
OaiUa^Up)}. By Definition 12. 161 there exist nowhere zero functions ha G Of,^{Ua) 
with \ha\ G CaiUa) such that dap = h~^hj3 for all a, /3, see subsection [9ll (1). We 
define / := faha on Ua- This is a function in 0{Z) such that \ f\ua\ = £ 
Ca{Ua) for each a. One can easily show using a partition of unity on the complex 
submanifold Y C CaX such that Z = l~^{Y) (see subsection 15. 3p that the latter 
implies |/| G Ca{Z). By our construction, divisor Ef G Div(X) is £oo-equivalent to 
E. 

Conversely, suppose that a is such that is a compact topological group and 
j{G) C Gq is a dense subgroup, and let E = {fa G Oa{Ua)} G DiVn(X). By our 
assumption there exist nowhere zero functions ha G Oe^{Ua) with h~^ G Oe^{Ua) 
such that f\ua = ha fa for all a (see Definition I2.15p . It is clear that the family {ha} 
determines an £oo-isomorphism of the line a-bundle Le '■= {{Ua^iUp, dap '■= fafp^)} 
of E onto the trivial bundle {{Ua H Up,l)} (see subsection [9ll (1)); to conclude 
that Le is a-semi-trivial it remains to show that G Ca{Ua) for all a 

(see Definition I2.16p . 

By Proposition 15.1( 2) there exist open subsets Va C c^X and functions G 
0{Va) such that Ua = i^^^{Va) and = L*fa for all a; also, there exists a function 
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F G C(C(jX) such that |/| = l*F. We will show that there exist positive functions 
Qa G CiVa) such that L*ga = \ha\. Then by Proposition 15. 1( 1) \ha\, \ha\~^ G Ca{Ua)- 

Let us fix a. First, note that since the required inclusion is a local property, we 
may assume without loss of generality that is biholomorphic to Vq x i^', where 
Vq C Xq is an open coordinate chart and K C is open, K E il (see subsection 
15. ip . In particular, we can identify Va with Vq x K. 

The proof of the required inclusion consists of three parts. 

(1) Let us show that fa{-,v) ^ every t] E K. 

By definition, the family of functions / := {fa} determines a not identically zero 
holomorphic section of a holomorphic line bundle L^; on CqX (see subsection 12. 3p . 
Based on results in |BrK3j we have: 

CaX = Uner t'HiXn), where Xh = X, lh '■ Xh CaX is holomorphic (see sub- 
section 15. ip and lh{Xh) is dense in CaX for every H E T (cf. subsection 4.1 and 
Example 4.2 in |BrK3j l 

In particular, since lh{Xh) is dense in CaX, assuming that section / = on 
Lh{Xh) for some H E T we obtain / = on c^X, a contradiction. 

Suppose, on the contrary, that fa{-,v) = some t] E K. Then there exists 
a unique H eT such that Vq x {t]} (^ Il{Vo, {//})) C lh^Xh). We set := l*^}. 
This is a holomorphic section of holomorphic line bundle l*[jLe on X^. By our 
assumption is zero on an open subset of Xh (= X). Since is holomorphic and 
Xh is connected, = 0; hence f\i^„[XH) = 0, a contradiction, i.e., fa{-,v) ^ 0- 

(2) Next, we show that F\v^{-,ri) ^ for every r] E K. 

Assume on the contrary that there exists rj^ E K such that F\y^{-,vi) = 0. By part 
(1) fa{-,Vo) ^ 0) so we can choose an open Vq ^ Vq such that \fa{-,Vo)\ > c > on 
VJ)'. Now, under the identification Va with Vq x K the set Ua = L^^{Va) is identified 
with Ua = Vq X L, where L := j~^{K) C G, and so l\u^ = Idy^ x Since 
F\v^ is continuous and j(L) is dense in K (see subsection 12. ip . there exists a net 
{g^} C L such that the net {j{g'y)} C K converges to rjo. By continuity fa{-,j{g'r)) 
converges to fa{-,Vo) uniformly on Vq (so we may assume without loss of generality 
that \fa{-,j{g'y))\ > I > for all 7), while F\v^{- , j (g^^)) converges to uniformly 
on Vq. Since \ f\ua\ = where |/| = l*F, fa = L*f, the latter implies that 

l^a(')fi'7)l uniformly over Vq. We will show that this leads to a contradiction 
with our assumption. 

Indeed, due to results of subsection 4.1 of |BrK3j there exists an equivariant 
with respect to right actions of G continuous proper map k, : Gg^ — )■ Ga. Set 
K' := K~^{K). Passing to the corresponding subnets, if necessary, we may assume 
without loss of generality that there exists a net {^^} C K' having limit ^0 ^ 
such that k(^o) = ^70 and ^(.^7) = Jio-y) for all 7- Further, since by our assumption 
ha E Oi^{Ua), by Proposition 15.1( 2) there exists a function ha E OiVo x K') such 
that {Ydy^^xji^yha = ha (see subsection |2TT]for notation). Now, since \ha{-,g'y)\ — )■ 
uniformly on Vq, we obtain that |/ia(-,^7)| uniformly on Vq] so by continuity 
ha{-,^o) = on Vq. However, by Proposition 15.1( 2) function h~^ E Oe^{Ua) admits 
a continuous extension to Vq x K' such that its product with ha is identically 1 
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(because h^h^^ = 1 on [/q, and (Idvo ^ J^oo)(^a) is dense in Vq x K'). This contradicts 
the identity ha{-,C,o) = on Iq' and completes the proof of step (2). 

(3) Finally, we show that there exists a positive function G C{Va), Va = VqX K, 
such that L*ga = \ha\. 

Let Z G Vahe the union of zero loci of functions F\v^ and \fa\- By parts (1) and 
(2) we obtain that the open set Z'^ := Vq\Z is dense in and, moreover, F\y^l\ fo\ 
and are continuous on Z^. We set k := (Idvo x k) : Vq x — )■ Vq x G^- By 

the definition puUbacks by k of {Fl\fcS)\z<^ and (|/a|/-F)|2c to C Vq x i^' 

coincide with |/iq,| and |/;.q,|~^ there (see part (2)). This, the fact that the open set 
HT^i^Z'^^ is dense in Vq x i^'' and the definition of k imply that \hc\ is constant on 
fibres of k. Since k is a proper continuous map and Vq x i^, Vq x i^"' are locally 
compact Hausdorff spaces, the latter implies that there exists a positive function 
€ C(Vo X K) such that k^go^ = \ha\- By the definition g^ = F\v^/\fa\ on Z'^. 
This yields L*ga = \ha\, as required. 

9.3. Proof of Theorem 12.181 Suppose that conditions (1), (2) are satisfied. Let 
us show that the holomorphic line a-bundle L is a-semi-trivial. 

Suppose that L is defined by a holomorphic 1-cocycle {cap} on an open cover {Ua} 
of Z of class (7^). In what follows, we may need to pass several times to refinements 
of class (7^) of the cover {Ua}- To avoid abuse of notation we may assume without 
loss of generality that {Ua} is acyclic with respect to the corresponding sheaves so 
that according to the classical Leray lemma we can work with cover {Ua} itself only. 

By (1) we can find functions Ca € Oa{Ua) such that c^^ G Oa{Ua) and c'^CapCp = 
dai3 is locally constant on Ua H f/g for all a, (3] hence, {dap} determines an equivalent 
discrete a-bundle L' on Z. Now, we have polar representation 

c^a/? = Ma/3|e*'"'' for all a, 13. 

Then {\dap\} G Z\{Ua}, {e^'-^} G Z\{Ua}, Ui), where Ui is the 1-dimensional 
unitary group, are multiplicative locally constant cocycles. 

Since \dai3\ 7^ are locally constant and belong to (9a(f/anf/^), functions log \da0\ G 
Oa{Ua n f/g) as Well and form an additive holomorphic 1-cocyle on {Ua}- We can 
resolve this cocycle by Theorem 15.121 (see definitions in subsection |9ll), i.e., there 
exist functions ga G Oa{Ua) such that e^" ■ e~^^ = \dai3\ for all a,(3- 

Further, by condition (2) bundle L' is trivial in the category of discrete line bundles 
on Z. This implies existence of functions e*'" G 0{Ua), where are real- valued 
locally constant, such that 

^ii.p = ^iia . ^-ih on UanUf^- 

Now, we define 

ija--=e-'--e-''--CaeOe^{Ua)- 

Then dap = ipa^'p'^y so the family of functions {'ipa} determines an isomorphism in 
category Ci^{Z) of L onto the trivial line bundle (see subsection [Hi 1 (1)). Moreover, 
I'lpal = e"^'=^"|ca|, \ipa\~^ = c^^^^lc'^l G Ca{Ua) for all «, as required. 
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Conversely, suppose that the holomorphic hne a-bundle L is a-semi-trivial. Let 
us show that conditions (1) and (2) are satisfied. As before, we assume that L is 
determined by a cocycle {cap G Oa{Ua fl f//?)} on cover {Ua} of Z. By Definition 
12. 161 there exist nowhere zero functions ipa G 0{Ua) with \ipa\, iV'al^^ ^ Ca{Ua) such 
that i^aCaii'^'jj^ = 1 on [/q, n t/g 7^ (see definition (1) in subsection Ol). 

We will use notation and results of subsection 15.51 Denote 

M/{U^) := i*K^^\V^), Zl^\U^) := CZ^^\V^), 

where C y is open and such that [/„ = i~^(V^), Y C c^X. is the closure of 
(a complex submanifold of CaX, see Proposition 15.71) . AP''^(F) is the space of 
(p, /c)-forms on Y and is the space of 9-closed form on Y. Also, denote 

C-(f/„) := .*C-(V;). 

Let us show that \il)o\-, iV'al ""^ ^ ^T^a)- We may assume without loss of general- 
ity that Ua = Uo X j~^(K), Va = UqX K, where Uq C C", m := dime 2', is an open 
ball and K C Go, K E £l, see (15. 3p . is open (see Proposition 15.41 and subsection 
1^ . Then there exist i^a, i'a^ e 0{Uo x K'), K' := k~^{K) C Gi^, such that 
(Id[/o X je^Yiipa)"^^ = (V'a)^"^ (see part (2) in the proof of Theorem 12.171 and subsec- 
tion 15. ip which can be viewed as holomorphic functions on Uo taking values in the 
Frechet space C{K'). In particular, these are C(i^'')-valued C°° functions. Further, 
since {ipal, I'lpal^^ ^ Ca{Ua), there exist nowhere zero functions ipa, i^a^ ^ C{Uo x K) 
whose puUbacks by Iduo x k to f/o x fC' coincide with ipa and ipa^, respectively. The 
last two facts imply easily that ipayi^a^ ^ C°°{Uo x K) (see subsection 15.51 for the 
definition). Fullbacks of ipa^ip'^ by i := Idfy^ x j are functions I-^qI, I-^qI""^. Thus 
these functions are in C^iUa)- 

Now, since t/'o, i})'^ are nowhere zero, log iV'al ^ ([/„); hence, forms (9 (log iV'al) 
belong to Ai'0(f/„) and satisfy dd[\og\'4)J) = 0, that is, d{log\ipa\) e {Ua)- 
Identifying Ua with UQxj^^[K) by a biholomorphism (see Proposition 15. 4p we obtain 
that 9(log |'?/'q,|) is the pullback by l of the d-closed holomorphic 1-form d(log-ipa) 
on Uq with values in the Frechet space C{K) (see subsection 15.51 for notation). 
Integrating the latter form along rays in Uq emanating from the center and taking 
the pullback of the obtained function by l we obtain a function Ua € Oa{Ua) such 
that dua = d(\og lipa])- Hence, log \ipa\ — Ua = Va for some Va G Oa{Ua)- We define 
ba '■= Ua + Va ^ Oa{Ua)- Then log \ipa\ = Re^Q. Now, set 

dai3 ■= e^"Cape~^^' e OaiUa H U/j) for all a, (3. 

Then \dai3\ = \'ipaCai3'4'^'^\ = 1; i-^-, {da/s} is a locally constant 1-cocycle on the cover 
{Ua} of Z with values in the unitary group Ui. Therefore condition (1) is satisfied. 

Further, ipae~'''^da/3'ip^'^e'''^ = 1 for all a, (3 and iV'ae"*"! = 1 on f/^, that is, 
functions ipaG~^°' are locally constant for all a. Hence the discrete line a-bundle 
L' := {{Ua Up, dais)} is trivial in the category of discrete line bundles on Z, 
i.e., condition (2) is satisfied as well. 

The proof of the theorem is complete. 
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9.4. Proof of Proposition 12.191 We use notation and results of subsection 15.51 
Suppose that algebra a is self-adjoint. Then Z := l~^{Y) is a complex a-submanifold 
ofX (see Definition ES] and subsection (El. WesetAP/lz) := l*AP'''{Y), Zp^''{Z) : = 
L*ZP'''{Y), and define 

HP'\Z):=ZPAZ)/dAl''-\Z), p>0, k > 1, Hl'\Z) := Zl\Z). 

These spaces of forms and cohomology groups are isomorphic to their counterparts 
on F, so we have analogues of Proposition 15.151 and Corollaries 15. 16[ 15.171 on Z (see 
definitions (2) and (3) of subsection [91 1). 

We will also need an analogue of the de Rham complex on Y . 

Let Z"^{Y) C A™(y) denote the subspace of rf-closed forms. Define 

H'^iY) := Z"\Y)/dA'''-\Y), p>0, m > 1, 
H%Y) := Z%Y). 

("de Rham cohomology groups of Y"). Now, set A™(^) := l*A"'{Y), Z^{Z) : = 
L*Z"'{Y), 

KiZ):=Z:^-\Y)/dA^iZ), p>0, m>l, i7°(Z) := Z°(Z). 

Then H^{Z) and H^"'{Y) are isomorphic. 

Let us denote by Oa the sheaf associated to the presheaf of functions Oa{U), 
U C Z, U E % (see Definition I2.12p . Let Z^, Rq C Oa denote subsheaves of locally 
constant functions with values in groups Z, M, respectively. Using an argument 
similar to that of the proof of Proposition 15. 15( where instead of Lemma [6. II we use 
the Poincare c?-lemma for Banach-valued d-closed forms on a ball (see subsection 
112.71) . one obtains an analogue of the d- Poincare lemma on Y (i.e., a d-closed C°° 
m-form, m > 1, on an open subset of Y is locally d-exact). Then since sheaves A"^ 
of germs of C°° m-forms on Y are fine, see Lemma [5.141 by a standard result about 
cohomology groups of sheaves admitting acyclic resolutions, see, e.g., |GRl Ch.B 
§1.3], we obtain 

(9.1) H^{Z) = //'"(Z,MJ, m > 0. 

Finally, by (9* C Oa we denote a multiplicative subsheaf associated to the presheaf 
of functions / G C„(f/), U C Z,U e%, such that f'^ e O^iU) as well. 

Proof of Proposition IKJR First, we show that condition (1) of Theorem 12. 181 is sat- 
isfied. 

We have an exact sequence of sheaves 

^ Z„ ^ C„ C* -> 

which induces an exact sequence of cohomology groups 

>H\Z, Z„) ^ H\Z, a) ^ H\Z, Ol) A H\Z, Z„) ^ ■ • • . 

By definition the class of holomorphic a-bundles isomorphic to the line a-bundle 
L := Le of a divisor E G DiVn(Z) determines an element of group H^{Z,Ol); its 
image under 6 in iJ^(Z, Z^) is denoted by 6{L) and is called the Chern class of L. 
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On a suitable open cover {Ua} of Z of class (7^) element 6{L) is defined by a locally 
constant 2-cocycle e Z'^ {{Ua} , '^a) given by the formula (see, e.g., |GH] ) 

m^p^ = ^ (log Cai3 + log + log C^„) OU fl f//3 fl f/^ , 

where L is determined on {f/a} by 1-cocycle {Cai3 G ^^(f/Q H f/g)}. 

Let c(L) denote the image of S{L) in H^{Z, Mq) under the natural homomorphism 
H^{Z,Z^) H^{Z,R^). We identify the last group with H^{Z), see dH]). Since 
dimc^ = 1, element c(L) is determined by a o?-closed (1, l)-form t] G Z'^{Z). 

Lemma 9.1. t] = dX for some A G A^(Z). 

Proof. Since Z is 1-dimensional, Sr] = 0. Hence, by the analogue of Corollary 15.171 
on Z we have rj = d\ for some A G h}^^{Z). We have 9A = 0, as h?^^{Z) = 0, so 
dX = {d + d)X = dX = rj, as required. □ 

The lemma implies that c{L) = 0. Replacing cover {Ua} by its refinement of 
class (7^), if necessary, we may assume without loss of generality that there exists a 
locally constant 1-cochain {sajs G Ca{Ua H [/g,Mn)} on {Ua} such that for all a;,/3,7 

s^Q, on J/q I~I l~l f^7- 

Then {log Cq,/3 — 27ri • Sq^} G Z^({[/q}, On). According to Theorem 12.41 this cocycle 
represents in H^{Z, Oa) (as H^{Z, Oa) = H^{Y, C), see the discussion in subsection 
[9ll). Again, passing to a refinement of cover {Ua} of class (7^), if necessary, we may 
assume without loss of generality that this cocycle can be resolved on {Ua}, that is, 
there exist ha G OaiJJa) such that 

log Cq,/3 — 2ni ■ Saf3 = ha — hp on Ua n f/g. 

We set dafi := e~^°'Cai3e^'^ on f/aflt/g. Then cocycle {dap} determines a discrete line 
a-bundle L' isomorphic to L. Therefore, condition (1) of Theorem 12.181 is satisfied. 

Now, we show that under the additional hypothesis H^{Z,C) = H'^{Z,Z) = 
condition (2) of Theorem 12.181 is satisfied as well. 

A discrete line bundle on Z is determined (up to an isomorphism in the corre- 
sponding category) by an element of group H^{Z, C*), where C* := C \ {0}. There- 
fore, to show that the discrete line a-bundle L' is trivial in the category of discrete 
bundles on Z, it suffices to show that H^{Z,C*) = 0. In turn, the exact sequence 
of locally constant sheaves 0— i-Z— t-C'^C*— j-OonZ induces an exact sequence 
of cohomology groups 

> H\Z,Z)^ H\Z, C) ^ H^{Z, C*) ^ H^{Z,Z) ^ ■■■ . 



Since H\Z, C) = H^{Z, Z) = 0, group H\Z, C*) = 0, as required. 



□ 
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9.5. Proof of Theorem 12.201 Since Xq is homotopy equivalent to open subset 
Yq C Xq, 7ri(Xo) = 7ri(Fo) and the space CaX is homotopy equivalent to open subset 
CaY C CaX, Y := p~^{Yo) C X (for a = £oo the proof is given in [Br7[ Prop. 4.2]; 
the proof in the general case repeats it word-for-word). 

We retain notation of subsection 19.41 For the exact sequence of locally constant 
sheaves on X 

O^Za^Oa ^ 

consider the induced exact sequences of cohomology groups 

■■■^H\X, Za) ^ H\X, a) -> {X, Ol) A H\X, Z„) -> ■ ■ • . 

We have similar exact sequences over Y = p~^{Yo) so that the embedding Y X 
induces a commutative diagram of these sequences. 

Since Xq is a Stein manifold, by Theorem|23]i/H^, C'a) = H^c^X, O) = 0. Thus, 
6 is an injection. Also, since CaX is homotopy equivalent to CaY, by the homotopy 
invariance for cohomology of locally constant sheaves (see, e.g., |Brel Ch. 11.11]), 
H''{Y,Za) = H''{caY,Z) = H''{caX,Z) = H''{X,Za), k>0 (see definitions of the 
corresponding cohomology groups in subsection |9ll). 

Let cl G H^{X,Ol) be the cohomology class determined by the line a-bundle 
L = Le of the a-divisor E. We show that 6{cl) = 0; since 6 is an injection, 
this would imply that L is isomorphic to the trivial line o-bundle, and hence E is 
a-equivalent to an a-principal divisor. 

Indeed, the restriction S{cl)\y € H^{Y,Za) of S{cl) to Y is, by definition, the 
Chern class of the restriction L|y. Since E\y is a-equivalent to an a-principal divisor 
on Y, the line a-bundle L\y is isomorphic to the trivial line a-bundle in Ca{Y), so 
we have S{cl)\y = 0. Since the restriction homomorphism H'^{X,Za) H'^{Y,Za) 
is an isomorphism (see above), S{cl) = 0, as required. 

Let us prove the second assertion of the theorem. Assume that a is such that Ga is 
a compact topological group and j{G) C Ga is a dense subgroup, and supp{E)nY = 
0. We retain notation and results of parts (1) and (2) of the proof of Theorem 
12.171 By definition divisor E determines a holomorphic line bundle L^; on CaX 
and a holomorphic section s of L^; such that s is not identically zero on each 
'slice' lh{Xh) C CaX and l*Le = Le- If supp(s) C CaX is zero loci of s, then 
t~^(supp(s)) = supp(i?). Let us show that supp(s) fl CqF = 0. Indeed, assuming 
the contrary we find a point x G Lh{Xh) D CoY for some if G T such that s{x) = 0. 
Since CaY C CaX is open, there exists an open neighbourhood of x which is con- 
tained in CaY. Without loss of generality we may identify this neighbourhood with 
Vo X K, where Vq C Fq is an open coordinate chart and K C Gais open, K E Q. (see 
subsection 15. ip . Then s{z,ri) = for some {z,ri) eVqxK. Let 5 C -ft' be a dense 
subset such that j~^{S) C G, the deck transformation group of X (see subsection 
Ofor notation). By definition, r^Vo xS) CY. Also, s(-,0 G 0{Vo) for all ^ e K 
and s(-, rj) is not identically zero. Since s G C(Vo x K), by the Montel theorem there 
exists a sequence {s(-, ^j)}jgN5 {'CijjGN C S, converging to s{-,ri) uniformly on com- 
pact subsets of Vq. Then according to the Hurwitz theorem (on zeros of a sequence 
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of univariate holomorphic functions uniformly converging to a nonidentically zero 
holomorphic function), there exists G Vq x 5" such that s{w,^i) = 0. This 

imphes that L^^{{w,^i)) G supp(i?) flF, a contradiction proving the required claim. 

Thus we obtain that s|c„y is nowhere zero, i.e., LeIc^y is holomorphically trivial. 
In turn, t*(Z/£;|c„y) := (^Le)\y = Le\y is the trivial a-bundle on Y. Hence, the 
restriction of -E to F is a-equivalent to an a-principal divisor. The first part of the 
theorem then implies that E is a-equivalent to an a-principal divisor on X. 

The proof of the theorem is complete. 

10. Proofs of Theorem 12.211 and Proposition 12.231 

Proof of Theorem \2.21\ We will use notation and results of subsection 15.11 and Ex- 
ample 4.4 in [BrK3j . 

Using the axiom of choice we construct a (not necessarily continuous) right inverse 
A : Gn — )■ to K, i.e., K o A = Id. Given a subset K d G, hy C. Ga 
and Kt^ C Gi^ we denote the closures of sets ja^K) and j£^{K) in Ga and Ge^, 
respectively. 

For n(?7o, K) := U^^^Uq, K) we have a commutative diagram 

n(c/o, K) — '^^^^ n^([/o, ka) — ^ n,^ (f/o, ko 

(10.1) 

All maps, except possibly for A, are continuous. 
We will need the following results. 

Lemma 10.1. Under the hypotheses of the theorem there exists a unique function 
f G C(lla(t/o,i^a)) such that 

(10.2) /|n(%,i^) = (Idxj„)*/. 

Proof. Since / G Oi^{X), there exists a function / G 0(jli^{UQ,Kaj) such that 
f\niu,,K) = (Id X j,J*f. We set / := (Id x A)*/ : fl„(t/o, i^„) ^ C. Clearly, mM is 
satisfied. Identifying IIn([/o, -K'n) with Uq x (see (15.21) ). we obtain that f{-,uj) G 
0{Uo) for all w G It remains to show that / is continuous. Since / G Ca{Z), 
there exists a function F G C(JIa{Zo, Ka)) such that /|n{Zo,-ft') = (Id x ja)*F. Also, 
since (Id x ja) (II{Zq, K)^ is dense in fla{Zo, Ka) and diagram (110. ip is commutative, 

(10-3) f\n.iZo,K.) = F. 

We identify Ila{Uo, Ka) with Uq x Ka, and Ila(^O) -^a) with Zq x i^Q. Suppose that 
/ is discontinuous, i.e., there exists a net {(zq,,^^)} C f/o x i^a, (-Zoji^a) — ^ (2;, to") G 
[/q X /^a, such that lim^ f{za, Ua) exists but does not coincide with f{z, u). Using the 
Montel theorem we find a subnet {f{-,Uap)} of the net {f{-,Ua)} C 0{Uo) which 
converges to a function g. Since /l^ xx is continuous and Zq is a uniqueness set for 
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functions in 0{Uo), g = f{-,uj). But g{z) = lim^ /(-Za, w^), a contradiction showing 
that / G C(fl„(Zo, ka)). Hence, / G O(fla(^o, i^a))- □ 

Lemma 10.2. We have U^^La ■ jaigi) = Ga- 

(Recall that La is the closure of ja{L) in G^-) 

Proof. Indeed, U™]^!/^ ■ jaigi) is a closed subset of Go containing ja{G), as by the 
assumption of the theorem ■ g^ = G. Since set ja{G) is dense in Go, we obtain 

that UZiL ■ Jaigi) = Ga- □ 

We now complete the proof of Theorem 12. 21 I by means of an analytic continuation- 
type argument. 

Let us consider the open cover U = {t/0,7} of Xq and the corresponding system of 
trivializations : p~^(?7o,7 x G) — )■ t/0,7 x G of the covering p : Xq ^ X introduced 
in subsection 12.41 (Recall that U^^Uq^^, S) := ip'^^Uo x S), S C G.) This system 
determines a system of trivializations ip^ : fla^y{Uo^^, L) — )■ Uq^^ x L, L C Ga, of 
the fibrewise compactification p : CaX — )• Xq, see subsection 15.11 Passing to a 
refinement of W, if necessary, we may and will assume without loss of generality 
that all nonempty sets Uq^^ fl Uq^s are connected and simply connected, and that 
Uq = ?7o,7, for 7* from the statement of the theorem. 

First, we will prove that 

(*) there exists a function fu^ G 0{P~^{Uq)) such that t*fuo = /|p-i(c/o)- 
Let us fix 1 < ? < m. 

Lemma 10.3. There exist families {Uq^^^Yi^I C U and {KiY^l C G such that 

(1) 7i = 7s(j) = 7*, Ki := and ii^s(i) = K ■ g^, 

(2) f/o,^, n f/o,7,+i for all 1 <l < s{i) - 1, and 

(3) n^',(f^o,7, n = ^-y^+M,!^ n f/o,7,^,,ir,+i) /or a// 1 < / < s{i) - 1. 

Proof. Take xq E Uq and define := '^'^.^(^^o, !)• Since covering p : X ^ Xq 
is regular, there exists a continuous path joining i/q and (7^ ■ i/q obtained as the 
lift of a loop 7o : [0, 1] — )■ Xq with basepoint xq. Then there exist a partition 
= to < i^i < ■ ■ ■ < ^s(i) = 1 of [0, 1] and a family {UQ^.y^}i^l C W such that 

7o([0, 1]) C u£Jf/o,7j f/o,-,, = f/o,7^(^, := f/o (= t/o.^J; 7o([t., t.+i]) C f/o,^,^, V^ > 0. 

Now, we define Ki = K and -ft'i+i := Ki ■ c.y^^^_^^ for all 1 < / < s{i) — 1 (note 
that [/q^^j n t/o,7;+i 7^ <2> by our construction), where {cs^} is the 1-cocycle on U 
determining covering p : X Xq (see subsection 12. 4p . Clearly, conditions (l)-(3) 
are satisfied. □ 

Further, using Lemma [10.11 we can find a function /i G O (fla,'yi{UQ^^j^, Kia)) such 
that L*fi = / on (f^o,7i5 -^i)- Since the open set f/o^-y-^ nf/0,72 (7^ 0) is a uniqueness 
set for functions in (^(f/o^'yj, we can apply Lemma [10.11 to /|n^2(c/o, 72:^2) ^o find a 
function /2 G 0(110,72(^^0,72) -^2a)) such that L*f2 = / on n^2(?7o,72 5 -^2)- (Indeed, 
as the set Z in the lemma we can take Il^^{V,K2), where is a compact subset 
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of Uq^j^ n t/o,72 with nonempty interior. Then / = L*fi on Z and the continuous 
function fi defined on compact subset fla,^^{Uo^^-^^, Kia) of CqX admits a continuous 
extension to CaX by the Tietze-Urysohn theorem. Thus, / G Ca{Z), as required 
in the lemma.) We repeat this construction for 3 < / < s{i) to obtain functions 
/; G O (tla,'yi{UQ^^i, Kia)) such that L* fi = / ou U^^ {Uq , K i) . Usiug these arguments 
for all 1 < i < m we obtain functions fs(i) G 0(fla^^^{Uo^^^, Ka ' ja{9i))) snch that 

Let K° denote the interior of Ka- Then K° ■ ja{gi) is the interior of Ka ■ ja{gi) for 
all z > 1. We have = fs{j) on Ua,^^{Uo^^^, K°- ja{gi))nUan.{Uo,j,, K°- jaigj)) ^ 
since by our construction these functions are continuous and coincide on dense subset 
6(n^^ ([/o,7*) ■ di) n 1^7,(^^,7*)-^ ■ dj)) of the latter set. Finally, by Lemma [10.21 
Ui^Li-f'a ■ ja{9i) = Ga, and since C K° by the assumption of the theorem, we 
have UZiK-j,{g,) = G,. This shows that p-\Uo) = UZiK^,{Uo,-y„ K ■ j^igi)). 
Therefore /t/oln„,^.([/o,^.,i^„°i„{g,)) •= /^(')' I < i < m, is a function in 0{p-\Uo)) 
satisfying (*) as required. By Proposition 15.1( 2) f\p-i{Uo) ^ Oa{p^^{Uo))- 

Let Wo C Xq be the maximal connected open subset which consists of unions of 
elements of the cover U and such that /|p-i(w"o) ^ C^a(p~H^o))- (Existence of Wq 
follows from Zorn's lemma; also, Uq C Wq.) Let us show that Wq = Xq. Assuming 
the contrary, we find (because of connectedness of Xq) a subset Uq E U such that 
Wq n t/p 7^ and Wq is a proper subset of the open connected set Wq U Uq. Now in 
conditions of Theorem 12 . 2 1 1 we replace Uq, Z and K by sets Uq, Z' := p^^^Z'^), where 
Zq d f/oflf/o is compact with nonempty interior (hence, a uniqueness set for functions 
in 0{Uq)), and K' := G, respectively. Since f\p-i-{Uo) ^ ^a{p~^{Uo)), we have f\z' G 
Ga{Z'). Therefore claim (*) in this setting gives a function /[// G 0{P~^{Uq)) such 
that i*fu^ = /|p-i{c/^), i.e., G Oa{p'\U[^)). Since f\p-i(Wo) ^ Oa{p^\Wo)), 

this implies that f\p-'^{Wouu') ^ Oa{p^^{Wo U Uq)) contradicting the maximality of 
Wo. Thus, Wo = Xo and / G 0„{X). 

The proof of the theorem is complete. □ 



Proof of Proposition \2.23[ (a)^(b). Suppose that there exist gi,...,gjn G G such 
that U^j^ K ■ gi = G. Let us show that the closure Ka of j{K), j := ja, in Ga has 
a nonempty interior K°. Indeed, by Lemma [10.21 UT^i K„ ■ j{gi) = Ga- Assuming 
that Ka 7^ Ga (in this case the statement is trivial) we may choose 1 < k < m — 1 
such that K' = U^^i Ka ■ j (fl'i) does not cover Ga but u'^^^ Ka ■ ji9i) = Ga- Thus 
the complement of K' is a nonempty open subset of Ka ■ j{gk+i)- This implies that 

k: + 0. 

(b)^(c). Let t/ C Ga be open. Since j(G) is a dense subgroup of the compact 
topological group G^, the set U^gG [/ ■ jig) coincides with Ga- (For otherwise, there 
exists f G Ga such that the closure in of the set {y ■ j{g)}g^G is a proper subset 
of Ga which contradicts the density of j{G) in Gn.) Thus there exist gi, . . . , gm & G 
such that U ■ j{gi) = Ga- This implies that U^^ j-^([/) ■gi = G. 
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Now, suppose that K C G is such that K° ^ 0. Choose an open set U d 
and define L := j~^{U) C G. The previous argument shows that the pair L d K 
satisfies conditions of Theorem 12.211 

(c)^(a). Follows from the definitions. □ 

11. Proofs of Proposition [2l2l and Theorems [M6l [MS and [Ml 

11.1. Proof of Proposition 12.241 It is easy to see that any function / G Oa{X) 
is locally Lipschitz with respect to the semi- metric d (see Introduction), i.e., 

(11.1) \f{xug) - f{x2,g)\<Cd{{xi,g),{x2,g)) := Crfo(xi, X2) 

for all {xi,g), {x2,g) G Wq x G = p^^(Wo), where Wq d Xq is a simply connected 
coordinate chart. (Here C depends on do and Wq only.) We set /^^^ := /|p-i(xo) ^ 
xq & Xq, and define 

f{xo) := fxQ, Xq G Xq. 
Then / is a section of bundle CqXo. Using f lll.ip for any linear functional y9 G a* we 
have ip{f{x){g)) := Lp{f{x,g)) G 0{Wo), g E G, x E Wq <e Xq, a simply connected 
coordinate chart, see [Li] or |Br4] for similar arguments. Thus / is a holomorphic 
section of CnXg. Reversing these arguments we obtain that any holomorphic section 
of CqXo determines a holomorphic a-function on X. 

11.2. Proof of Theorem 12.261 Let i? be a (complex) Banach space. We define 

A{Do,B):=GiDo,B)nO{Do,B). 

Consider a family of bounded linear operators £f : B — )• A{Dq,B), z G -Dq; holo- 
morphic in z such that C-^ip) = b for every h E B and sup^g^^ ll-^f II = 1 defined by 
the formula 

C^(h){x):=h for all a; G L'o- 
We use notation and results of subsection 12.51 1. Namely, we identify functions in 
algebra O2, z G -Do, with sections over z of the holomorphic Banach vector bundle 
p : CqXo — )■ Xq associated to the principal fibre bundle p : X — )■ Xq and having fibre 
a, and functions in Oa{D) with holomorphic sections of (9(C(jXo)|do- Recall that 
there is a holomorphic Banach vector bundle E such that CaXo ® E = Xq x B for 
some Banach space B. By g : Xq x 5 — )■ CqXo and i : CqXo — )■ Xq x 5, g o z = Id, 
we denote the corresponding bundle morphisms. Now, for every /i G we define 

Clearly, the family {Lz\z&Do satisfies conditions (1), (2) of Theorem 12.261 

11.3. Proof of Theorem 12.281 The arguments below are analogous to those in 
[B?3] . 

Using the construction of subsection 12.51 1 we identify functions in Cn(X) and 
Oa{X) with continuous and holomorphic sections of the holomorphic Banach vector 
bundle p : CaXg — )■ Xq associated to the principal fibre bundle p : X — >■ Xq and 
having fibre a. Further, there exist holomorphic Banach vector bundles pi : i?i — )■ Xq 
and p2 '■ E2 ^ Xq with fibres Bi and B2 such that E2 = Ei (B CaXo and E2 
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is holomorphically trivial, i.e., E2 = Xq x B2 (see, e.g., |ZKKP] ): so continuous 
and liolomorphic sections of E2 can be identified with i?2-valued continuous and 
holomorphic functions on Xq. By q : E2 ^ CaXo and i : CaXo — )■ E2 we denote 
the corresponding quotient and embedding homomorphisms of the bundles so that 
q o i = Id. 

As before we identify function / satisfying the hypothesis of Theorem 12.281 with 
a continuous section of CqXo over ODq. Then h := i{f) G C{dDQ, B2). Since 
/ G Ca{dD) satisfies the tangential Cauchy-Riemann equations, h satisfies the weak 
tangential Cauchy-Riemann equations on dDo: 



for any smooth form u G A"'"~^(Xo) having compact support and any G i?2- 
Hence, applying the Hartogs-type theorem of |HrLaj to functions o h we obtain 
that there exists a function H G 0{Do, B2*)nC{DQ, B^*), where the second dual B^* 
of B2 is considered with weak* topology, such that i^laDg = h (here B2 is naturally 
identified with its isometric copy in -82*)- 

Now, we use the integral representation result of |Glet Corollary 5.4] asserting 
that there exist a compact subset S d Dq\Dq, a. positive Radon measure /i on 5" 
and a function Q on Dq x S such that (a) Q{-,y) is holomorphic for all y E S; (b) 
Q{x,-) is /i-integrable for all x G -Do; (c) x t-)- Jg\Q{x,y)\dfi{y) is continuous; (d) 
for any function w G C(-Do) fl C(-Do) 



Then H' G C{Dq, B2). Since the Bochner integral commutes with the action of 
bounded linear functionals, ip o H' = o H on Dq for all G -Bg- Thus, H' = H on 
-Do and so H E 0{Dq, {B2,w)) fl C(-Do, (-82,^)), where {B2,w) is B2 equipped with 
weak topology, and H G 0{Dq, B2). 

Now, the required holomorphic extension of / is given by F := q{H'). Indeed, by 
our construction -F|do ^ C^(-Do, CaXo). By Proposition l2.24I F| can be viewed as a 
function in Oa{D). Further, since map q is continuous also if we equip fibres of the 
corresponding bundles with weak topologies, F is a continuous section of (CnXo,w) 
over -Do, i.e., of CaX^ with fibres endowed with weak topology. Using presentation 
(12. 8 p of CaXo and evaluation functionals at points of G, we easily obtain from the 
weak continuity of F that considered as a function on X it is continuous up to the 
boundary. Hence, F G Oa{D) fl C(-D) and -F|aD = /, as required. 

11.4. Proof of Theorems 12.291 Let -Do be a relatively compact subdomain of 
Xo, D := p-^{Dq). We set A^{D) := 0^{D) n C^{D). By A^D) we denote the 
space of holomorphic functions / G Aa{D) such that for every xq G -Do the function 





Using the Bochner integration we define 



(11.2) 
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9 ^ f{g ' ^) {9 ^ G, X E p ^(a;o)) is in a^, and by Ao{D) the C-linear hull of spaces 

Theorem 12.291 is a corollary of the following result. 

Theorem 11.1. If Xq is a Stein manifold and Dq C Xq is a strictly pseudoconvex 
domain, then Ao{D) is dense in Aa{D). 

First, we deduce Theorem 12.291 from Theorem 1 1 1 . 1 1 and then prove the latter. 

By Ca.Xo {l G /) we denote the holomorphic Banach vector bundle associated 
to the principal fibre bundle p : X — )■ Xq and having fibre (see (12. 8p ). For a 
given open subset Do C Xq by 0{Do, Ca^Xo) we denote the space of holomorphic 
sections of bundle Ca.Xo over Dq endowed with the topology of uniform convergence 
on compact subsets of Dq which makes it a Frechet space. We have an isomorphism 
of Frechet spaces 

(11.3) 0,XD)^0{Do,CM 
(the proof repeats literally that of Proposition I2.24p . 

Let Xq be a Stein manifold, Yq <e Xq be open such that Yq is holomorphically 
convex, and Dq C Xq be an open neighbourhood of Yq. We set Y := p^^(Yq). 

Proposition 11.2. Let f G OaXD). For every e > there exists h G OaX^) such 
that sup^gy \f{z) ~ h{z)\ < e. 

Proof. We need the following approximation result established in [Bu' Theorem C]. 

Let S be a complex Banach space and 0{Xq, B) the space of 5- valued holomor- 
phic functions on Xq. 

(*) Let f G 0{Dq,B). For every e > there exists h G 0{Xq,B) such that 
sup^eroll/W -h{z)\\B <e. 

Further, since Xq is a Stein manifold, there exist holomorphic Banach vector 
bundles pi : Ei ^ Xq and p2 ■ E2 ^ Xq with fibres Bi and B2 such that E2 = 
El © Ca.XQ and E2 is holomorphically trivial, i.e., E2 = Xq x B2 (cf. the proof of 
Theorem 12. 28 p . Thus, any holomorphic section of E2 can be naturally identified with 
a i?2- valued holomorphic function on Xq. By q : E2 ^ Ca.^o and i : Co^Xq — )■ E2 we 
denote the corresponding quotient and embedding homomorphisms of these bundles 
so that q o i = Id. Given a function / G Oa^D) by / G 0{Dq, Ca.Xo) we denote its 
image under isomorphism (Ill.Sp . Set / := i{f) G 0{Dq, B2). By (*) for every e > 
there exists a function h G 0{Xq,B2) such that sup^gy^, \\f{.z) — h{z)\\B2 < ^- We 
define h := q{h) G (9(Xo, Cu^Xq) and by /i G O^X^) denote the image of h under 
the inverse isomorphism in (111.30 . The continuity of i and q and the compactness 
of Yq now imply that sup^gy 1/(2^) ~ h{z)\ < Ce for some C > independent of / 
and e. □ 

Using this proposition we complete the proof of Theorem 12.291 as follows. 

Let / G Oq(X). It suffices to show that for a sequence Fq,! ^ ■ ■ ■ (e Fo,fc <e ■ ■ ■ of 
open subsets of Xq such that UfcYo.fc = -^0 and for any 5 > there exist functions 
hk G Oq{X) such that sup^-gy^ |/(a;) - hk{x)\ < |, where Yfc := p"-^(lo,fe)- Since 
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Xq is a Stein manifold, we may assume without loss of generality that each Yq ^ 
is holomorphically convex. Then there is a strictly pseudoconvex open neighbour- 
hood Do,fc <^ Xq of Yo^k, k > 1 (see, e.g., [HL] ) . Since restriction fl^^ G Aa{Dk), 
Dk '■= P~^(-Do,fe), by Theorem 111.11 there exist functions /i'^, G Ao{Dk) such that 
suPa;gDj. \f{x) — h'i^{x)\ < jj:, k > 1. By the definition of space Ao{Dk), there exists 
tk & I such that h'l^ G Ai,^{Dk). Now, by Proposition 111.21 there exists hk G Oa^^{X) 
such that sup^gy^ \ h'k{x) — hk{x)\ < ^. Thus, sup^gy^ \f{x) — hk{x)\ < |. Since 
Oa,^{X) C Oq{X), this implies the required result modulo Theorem 111.11 

Proof of Theorem \ll.l[ By A{Dq, CoXq) and A{Dq, Co^Xq) we denote spaces of sec- 
tions of bundles CaXol^,^ and Co^Xol^)^ continuous over Dq and holomorphic on Dq. 
We equip A{Dq, CaXo) with norm ||/|| := sup^g^^^ 11/(3^) IL which makes it a Banach 
space. Then A{Do,Ca,Xo) is a closed subspace of A{DQ,CaXo). Also, we define 
hnear space Ao{Dq, CqXo) := [j^^^ A{Do, Ca.Xo). We have natural isomorphisms of 
vector spaces defined similarly to that of Proposition 12.241 

(11.4) AaXD) 4 AiDo,CaXo), A(^) ^ A(^o,C„Xo) 

(the proof is analogous to the proof of Proposition I2.24p . In view of flll.4p , Theorem 
111.11 can be restated as follows: 

(*) Suppose that Xq is a Stein manifold and Dq d Xq is a strictly pseudoconvex 
subdomain. Then Ao{Do,CaXo) is dense in A{Do,CaXo). 

For the proof of this claim we need the following results. 

As before, we define A{Do, B) := 0{Dq, B)nC{Do, B) and endow this space with 
norm H/H^g := sup^.g£,|j ||/(a;)||B- The next result follows easily from a similar result 
in |HLj (in case i? = C) since all integral formulas and estimates used in its proof 
are preserved when passing to Banach-valued forms. 

Lemma 11.3. Let K C A{Dq,B) he compact. For every e > there exist an open 
neighbourhood Dq d Xq of Dq and a bounded linear operator A^^e = ^z)o,x,e ^ 
C{A{Dq,B),A{D'q,B)) such that \\f -AflnJo^^Ks for each feK. 

We prove assertion (*) in three steps. 

(1) Let / G A{DQ,CaXQ). Using the construction of subsection I2.5[ l (cf. the 
proof of Theorem I2.28P and Lemma 111.31 we may assume without loss of generality 
that / = /'Isg, where /' G 0{D'q, CoXq) and Dq d Xq is an open neighbourhood of 

Dq. 

We have to show that for every e > there exists a section F G ^o(-Do,CaXo) 
such that sup^g£,jj 11/(3;) — -^"(3^)110 < ^• 

(2) Let U = {Uk}lLi, where each Uk d Dq is open biholomorphic to a polydisk 
in C", and Dq m U^UUk- 

Lemma 11.4. For every e > there exist a subspace a^^ C a (i^ G /) and sections 
Fir^k £ A(Uk,Ca^^XQ) such that 

(11.5) i|/'(x)-F,,,(x)||„<£ for all x E Uk, I < k < M. 
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Proof. Since each Uk, I < k < M, is simply connected, bundles CaXo, Ca.Xo {l G /) 
admit holomorphic trivializations over Uk- Using these trivializations we identify 
sections of these bundles over Uk with a- valued and a^- valued functions on Uk- 

By our assumption, for every 1 < k < M there exists a biholomorphism between 
Uk and an open polydisk A C C" centered at 0. Without loss of generality we may 
assume that := f'\u^, is defined over an open neighbourhood of A. Then can be 
identified by means of the corresponding holomorphic trivialization of bundle C^Xq 
with a holomorphic a-valued function defined on an open neighbourhood of A. 

For a given function h G 0(^A,aj by T^^h we denote its Taylor polynomial of 
degree iV at x = 0. Choose so large that 



m^)-T,v'k{x 



< 



for all X eA, 1< k < M, 



where fl^{x) := '^\a\<N ^k,ax'^ , 0'k,a G a, and a is a multi-index. Since ao is dense 
in a, for every 5 > and all 1 < A; < M, |a| < N, there exist G Oq such that 



''k,a 



\a < 5. We choose 5 > to be sufficiently small so that 



sup 



e 



where ^fx) 



:= T.\a\<N(^k,aX"- Therefore, 

\\fl{x) - F^,fc(a;)||a <e for all x G A, l<k<M. 



By definition, there exists is ^ I such that o^^ contains all {1 < k < M, 
\a\ < N); hence F^^k e A{A,a,^). □ 

(3) We also need the following result. 



Lemma 11.5. In notation of Lemma 11. 4. for every e > there exists a section 



F G A{DQ,Ca^^XQ) C Al^o.C'a^o) such that 

\\F{x)- Fe,k{x)\\^<Ce for all xeUkODo, 1 < k < M, 
for some C > independent of section f G Ao{Dq, CaXo) and e > 0. 



Proof. There exists an open neighbourhood Dq (e D'q of Dq such that Dq d U^^^Uk- 
We may assume without loss of generality that D'^ is strictly pseudoconvex. Let 
S be a complex space. By A[°'^^(L)()',5), g > 0, we denote the space of bounded 
continuous 5- valued (O,g)-forms on Dq endowed with norm || ■ W^j^n''^ defined by 
formula (16.11) with respect to local coordinates on the cover {Uk}kLi of Dq. 
Next, we define a holomorphic 1-cocycle as follows. If Uk^Ui ^ 0, then 



9ki ■'- 



eMUkHUinD'^ 



eA{Ukr\Uir\Dlc,^XQ), 



and Qki := if f/^ H f/; H D'^ = 0. 

Let {pfcjfcli C C°°(Xo) be a collection of nonnegative functions such that 



supp(pfe) mUk,l<k<M, and Y.k'=i Pk 



1 on D'^. 
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We set ~gi := Ek=iPk9ki e C^iUinD'^) so that g^i = h-gi on Uk^Ui^D'^. Then 
the family {dgi} determines a 9-closed (0, l)-form u on Dq, u := dgi on Ui fl Dq, 
taking values in bundle Ca^^Xo. 

Recall that since Xq is a Stein manifold, there exists a holomorphic Banach vector 
bundle E such that Ca^^Xo©-E = Xq x B for some Banach space B. By q : Xq x i? — > 
Ca^^Xo and i : CqXo — )■ Xq x i?, g o i = Id, we denote the corresponding bundle 
morphisms. 

Let u := ^(0;) G A[°'^''(Dq, 5). Since g is a holomorphic bundle morphism, 00 is 
c?-closed. Moreover, according to Lemma 111.41 

sup \\gki{x)\\a < 2e for all k,l. 

x^UknUinD'fj 

Therefore by the construction of u and by continuity of i and the fact that Dq (e Xq 
we obtain that for some c > independent of u, 

Then by Lemma [6.11 there exists a function f] G A^'°(Dq, B) such that Bfj = Cj and 

11^511(0,0) . ^ ||r,||(0'i) < r 

for some Ci > independent of u. We set rj := qifj) E C^{Dq, Cq^^Xq). Since g is a 
holomorphic bundle morphism and D'^ d Xq, 

Br] = u and sup ||^7(a;)||o < C2Cice 
for some C2 > independent of u. 

Since Dq d Dq, the restriction 77 is continuous on Dq. We define 

-^ll/feDDo •= ^e,k\uknDo ~ dAukC^Do + '7l;7fcnSo' 1 <k < M. 

It follows that F e ^(-Do, C'a.,-^o) and 

sup II F - F.^kh < 2Me + C2Cice =: Ce, 

as required. This completes the proof of the lemma. □ 

Assertion (*) now follows from Lemmas 111.41 and 111.51 The proof of Theorem 
111. H is complete. □ 

12. Proofs of Propositions 15.51 15.71 15.91 15.151 Theorems 15.101 15.181 and 

Lemmas [5Tm Ol 

12.1. Proof of Proposition [575l According to Proposition 15. 4[ it suffices to prove 
coherence of the ideal sheaf Iz (c Ovoxk) of the complex submanifold Z := Zq x K 
of Vq X K, where Vq C Xq and K G Ga are open, if G O is an element of the basis 
of topology n of Ga (see subsection 15. 2p and Zq C Vq is a complex submanifold. 
Here Ovqxk denotes the structure sheaf of Vq x if (see subsection 15. ip : also, by Ovo 
we denote the structure sheaf of Vq and by Izq C Cvb the ideal sheaf of C Vq. 
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By Cartan's theorem (see, e.g., |Gun] ) every point in Vq has a neighbourhood over 
which Izq has a free resolution. Replacing Vq by a smaller subset, if necessary, we 
may assume without loss of generahty that such resolution is defined over Vq: 

(12.1) ^ O'^f^ . . . ^ o™; ^ ^ 0. 

Further, by the classical Cartan theorem B (see, e.g., |Gunj ) every point in Vq has 
a neighbourhood Uq C Vq biholomorphic to an open polydisk in such that the 
sequence of sections induced by (112.11) 

(12.2) ^ r([/o, oi-f^ . . . ^ r([/o, oi^) ^ r(f/o, h,) o 

is exact. 

For an open subset L C -ft', L G £1, by C{L) we denote the Frechet space of com- 
plex continuous functions on L endowed with the topology of uniform convergence 
on compact subsets C L, k ^ N, that form an exhaustion of L, i.e., Nk C N^+i 
for all k and Ukm Nk = L (such sets exist by Lemma 7.4(1) in |BrK3] ). We endow 
the space 0{Uq x L) defined in subsection 15.11 with the topology of uniform conver- 
gence on subsets Wo^k x Nk, where {Wo,k}km is an exhaustion of Uq by compact 
subsets, which makes it a Frechet space. Then we have 

(12.3) r(f/o X L, Ov,>,k) =■■ 0{Uo x L) = C{L) ® 0{Uq) := C{L) ® r(f/o, Oy,), 

where ® stands for the completion of the symmetric tensor product in the corre- 
sponding Frechet space. 

Next, we may assume without loss of generality that Vq is an open polydisk in 
and Zq is the intersection of a complex subspace of C" with Vq. Then using the 
Taylor series expansion of a holomorphic function on f/o x L vanishing on Zq x K 
(i.e., an element of T{Uo x L, Izqxk)), we easily obtain that 

(12.4) T{Uo X L, Iz,xk) = C{L) ® T{Uo, ly,). 

By Theorem B in |Bu] the operation ® is an exact functor. Thus, from (112. 2p . (112. Sp 
and (112. 4p we obtain that every point vuVqxK has a neighbourhood of the form 
Uq X L over which the sequence of sections 

(12.5) o^T{UoxL,Ollj,f-^ ...^T{UoxL,01',^)^T{UoxL,Izo><k) ^0 

is exact, where morphisms 0i are defined on the corresponding symmetric tensor 
products by the formula 

\j=l / i=l 

and then extended to C{L) ® r(f/o,C^'^^) by continuity. Hence, the sequence of 
sheaves generated by (112. 4p 

is exact. This shows that the sheaf Iz is coherent. 
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12.2. Proof of Proposition 15.71 Let us prove the first assertion. 

Let Y C CaX be the closure of l{Z), where Z (Z X is a. complex a-submanifold, 
in CaX. We fix a point y & Y and use notation of Definition 12.61 Since the open 
cover V in the definition of Z is of class (7^) (and, hence, is the puUback by l 
of an open cover of CqX, see Definition 12. 5p . there exist an open subset G V, 

V = i~^(f/) for an open neighbourhood U C CaX of y, and functions hi G Oa{V), 
1 < i < k, determining ZnV, i.e., satisfying conditions (1), (2) of Definition 12.61 By 
Proposition 15.1( 1) there exist (uniquely determined) functions hi G 0{U) such that 
hi = L*hi for all i. It follows from condition (2) of Definition 12.61 and the fact that 
l{V) is dense in U that functions hi satisfy condition (2) of Definition 15.31 at points 
of U r\Y. Therefore, since y G F is arbitrary, to complete the proof it suffices to 
show that U (lY = Yjj, where Yjj (ZU denotes the common zero locus of functions 
hi\u-i 1 < i < k. 

Indeed, using the argument of the proof of Proposition 15.41 and shrinking U, 
if necessary, we obtain that there exists a biholomorphism $ G 0{Uq x K,U), 
where Uq C Xq, K C Ga are open, and a closed submanifold Zq C Uq such that 
$-i(Y'^) = ZqxK aiad^{Uox{Knj{G))) = UnL{X). In particular, since hi = L*hi 
for all i, we have ^{Zq x (K r]j{G))) = U n l{Z). Hence, since Zq x {Knj{G)) is 
dense in Zq x K (see subsection 12. ip . U fl l{Z) is dense in Yjj, i.e., f/ fl F = Yj/, as 
required. The proof of the first assertion is complete. 

The second assertion follows easily from Definitions 12.61 15.31 and Proposition 

12.3. Proof of Proposition [5T91 First, let / be a holomorphic o-function on Z : = 
L^^(Y) in the sense of Definition 12. 8[ i.e., there is a function F G Ca{X) such that 
F\z = f. By Proposition 15.1( 1) there exists a function F G G{caX) such that 
L*F = F. We set / := F|y. Since i* f = /, we obtain / G 0{Y) (see Definition EHD , 
as required. 

Now, let / G 0{Y). Since CaX is a normal space, by the Tietze-Urysohn extension 
theorem there exists a function F G G{caX) such that F\y = /. By Proposition 
15.1( 2) F := i*F belongs to Ga{X). Since F\z = /, function / (= l* f) is a holomor- 
phic o-function on Z in the sense of Definition 12. 8[ 

12.4. Proof of Theorem 15.101 We will use notation and results of subsection 15.11 
By definition, every point in Y has a neighbourhood V G Y over which, for every 
> 1, there exists a free resolution 

^4N — ^ ^9 Vi tpo 

(12.6) C^^^lv^ ...^O'?'\v^O'i^'\v^A\v^0. 

We need to show that sheaf A is coherent on c^X, i.e., that every point x G c^X 
has a neighbourhood U C CaX over which sheaf A\u has free resolutions of any 
finite length. If x G CaX \ Y, then we can choose U such that U (1 Y = 0; hence, 
A\u = trivially has free resolutions of any finite length. Now, let x G F. Shrink- 
ing V, if necessary, and applying Proposition 15.41 we can choose U 3 x such that 

V = Y n U and there exists a biholomorphism that maps U onto Uq x K, where 
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Uo C Xo is biholomorphic to an open polydisk in C", K C Ga is open, and V is 
mapped onto Vq x K, where Vq C C/q is a complex submanifold. Thus, applying this 
biholomorphism we may assume that 

U = UoxK, V = VoxK. 

We will need the following 

Lemma 12.1. The trivial extension Oy of Oy has free resolutions of any finite 
length over U. 

Proof. By definition, Oy\u is isomorphic to the quotient sheaf Ou/Iv, where Ou '■ = 
0\u is the sheaf of germs of holomorphic functions on U, ly C Ou is the ideal sheaf 
of V G U, i.e., we have an exact sequence 

(12.7) ^ Jy ^ Oc/ ^ CVIc/ ^ 0. 

Following the argument of the proof of Proposition 15. 5[ we obtain that sheaf ly has 
free resolutions of any finite length over U. Then using a free resolution of ly over 
U of length N, we extend fll2.7p to a free resolution of Oy\u of length + 1. Since 
was chosen arbitrarily, this completes the proof. □ 

Now we finish the proof of Theorem 15.101 Since sequence (112. 6p is exact, the 
corresponding sequence of trivial extensions 

(12.8) O^^^lc/^ ... -^O'^'\u-^O'^'\u-^A\u^0 

is also exact; here (pi := e o ipi o ruy, where ruy : Oy\u Oyly is the restriction 
homomorphism, and e : B ^ B is the canonical homomorphism that maps an 
analytic sheaf i3 on \^ to its trivial extension B on U. 

By Lemmas 7.15 and 7.17 in |BrK3j sequence (112. 6p truncated to the A^-th term 
is completely exact over V (i.e., the corresponding sequence of sections is exact, 
see Definition 7.22 in |BrK3] ). therefore sequence (112. 8p truncated to the A^-th term 
is completely exact as well. Since by Lemma 112.11 each sheaf Oy' in (112. Sp has free 
resolutions over U of any finite length. Lemma 9.3 in |BrK3j implies that A\u has 
free resolutions over U of any finite length as well. This implies that sheaf A is 
coherent on CaX. 

12.5. Proof of Lemma 15.131 We use the following consequence of Theorem 4.6 in 
jB?K3] : 

Lemma 12.2. Let Vo,i, Vo,2 C be open and connected and Ki, K2 C Ga be open. 
A map F G C(Vo,i x i^i,Vo,2 x K2) admits presentation F{z,oj) = (^f^{z),h{uj)'), 
{z,uj) G Vo,i X Ki, where f^j G 0(Vo,i,Vo,2) depend continuously on u E Ki and 

heC{K^,K2). 

Proof. Let tt^ : Vo,2 x K2 ^ Vo,2, tt^ : Vo,2 x — )■ -ft'2 be the natural projections. 
By [BrK3t Thm. 4.6] (vr^ o F){-,u) = const for all u G Ki. Thus, we define h G 
G{Ki,K2) as h{u) := (tt^ o F)(-, w), u G Ki, and f^{z) := {n'^ o F){z,u), {z,u) G 
Vo,i X Ki. □ 
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Now, suppose ipi G 0{V,Vi x Ki), where C C" are open and connected, 
Ki C Ga are open {i = 1,2), are coordinate maps of an open subset V G Y. 
Let F := (^2°'^i^- By the above lemma F(z,uj) = [f^^{z),h{uj)) {{z,uj) G Vi x Ki), 
where f^^ G 0(Vi, V2) depend continuously on u and h G C{Ki,K2). Since F is a 
biholomorphism, h : Ki ^ K2 is a homeomorphism. Then replacing F, if necessary, 
by the holomorphic map G o F, where G{z,u) := (2;, h~^{w)), {z,u) G V2 x K2, we 
may assume without loss of generality that K2 = Ki =: K and h = Id. 

In order to prove the lemma it suffices to show that for each p G C°°(Vo,2 x K) 
its puUback F*p G C°°(V^o,i x K). Indeed, we have {F*p){z,u) = p{f^{z) , u) . Since 
Vi 3 z f.{z) = F{z, ■) is a holomorphic and, hence, a function taking values 
in the Frechet space G{K), the required result follows by the chain rule. 

12.6. Proof of Lemma 15.141 (For similar arguments, see |Br6j .) 

Lemma 12.3. For an open cover U = {f/^} of Y there exists an open cover V = 
{Iliyo^a, Ka^is) : Vo,o C Xq, Ka^/s C Ga f^^^c opcn} of c^X such that {Vo,a} is a locally 
finite open cover of Xq, for each a the number of distinct sets Ka,i3 is finite and 
U;3 n(Vo,Q, -ft'a,/?) =p~^(Vo,a), and [Y nfl{Vo^a, Ka,/^)} is a refinement ofU. 

Proof. By the definition of the relative topology of Y , there exists a collection U = 
{Uy} of open subsets of CaX such that f/^ = f/^flF for all 7. Further, since Y C CaX 
is closed, UU{caX\Y} is an open cover of CaX. By the definition of topology on CaX 
the latter cover admits a refinement by sets of the form Il{Vo,K), where Vq C Xq, 
K G Ga are open. Since CqX has compact fibres, we may choose this refinement 
{II(Vo,a, -ft'a,/?)} so that {Vo^Q,} is a locally finite open cover of Xq and for each a 
the number of distinct sets Ka^p is finite and U/j II(Vo,q, -R'q,/?) = P"^(Vo,q). By our 
construction, {Y fl II(Vo,q,, -K'a,/?)} is a refinement of U. □ 

The open cover V introduced in the lemma admits a subordinate partition of 
unity {1^0,13}, ^a,i3 '■= P* Pa ■ T^*aPoi,i3i whcrc {pq} C C°°(Vo,a) is a partition of unity 
subordinate to cover {Vo,a} of Xq, {pa,^} C. G{p~^{xa)), Xa G Vq^o is fixed, is 
a partition of unity subordinate to cover {tliVQ^a, Ka^p) H p^^{xa)}i3 of p~^{xa) 
and tTq : p~^(Vo^a) — > p~^{xa) is the continuous projection defined in local co- 
ordinates {x,uj) on p~^(Vo,a) (— Vo,a X Go) as 7rQ,(x, w) := {xa,uj). By definition 
t'a,^ G C°°(II(Vo,a, -ft'a,/?)); hcucc, the restriction of {1^0,13} to y is a G°° partition of 
unity subordinate to U (see subsection 15. Sp . 

12.7. Proof of Proposition 15.151 For a point x G F consider its open neigh- 
bourhood V for which there exists a biholomorphic map : V ^ Zq x K, where 
Zq C is an open ball and K C Ga is open (see Proposition 15. 4p . We choose an 
open neighbourhood d of x so that ^piW) = Zq x K', where Z'q <e Zq is an 
open ball of the same center as Zq and K' K is an open subset. Then under the 
identification of V with Zq x K by if the restriction to W of the space of C°° en- 
closed {p, k + lyioims on V is identified with a subspace of the space of C°° 5-closed 
{p, /c-M)-forms on Zq with values in the Banach space Gh{K') of bounded continuous 
functions on K endowed with sup-norm (see subsection 15.51 for the corresponding 
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definitions). According to Lemma [6.11 such Banach- valued forms on Z'q are (9-exact. 
Tliis completes the proof of the proposition. 

12.8. Proof of Theorem [SUS 

Lemma 12.4. Let Uq C Xq, K C Ga be open, f G 0{Uo x K) be such that 
^zf{z,r,) ^ for all {z,r]) G Zf := {{z,r]) eU^xK: f{z,r]) = 0}. 
If g ^ 0{Uo X K) vanishes on Zf, then h := g/f G 0{Uo x K). 

(The proof follows straightforwardly from Proposition 15. 4[ ) 

Proof of Theorem. By Proposition l5.1( 2) Mx is homeomorphic to the maximal ideal 
space of 0{caX). It follows, e.g., from Theorem l2.10[ that algebra 0{caX) separates 
points of CaX, therefore we have a continuous injection CaX Mx defined via point 
evaluation homomorphisms. Let us show that this map is surjective. 

The transpose to the pullback homomorphism p* : 0{Xo) — ?• 0{caX) is a map 
p^, : Mx — Mxq, where the latter is the maximal ideal space of algebra 0{Xq). 
Since Xq is Stein, Mxo can be naturally identified with Xq (see, e.g., |GR] ) so that 
P*\caX = P- Hence, for ip G Mx there exists a point xq G Xq such that p*{(p) = S^q, 
the evaluation homomorphism at point Xq. 

Next, there exists a function h G 0{Xo) such that X^"^ := {x G Xq : h{x) = 0}, 
n := dimc^, is a non-singular complex hypersurface, dh{z) ^ for each z G Xq~^, 
and Xq G X^-\ see [FbH] . We set := p-i(Xo"-^) and c„X"-i := p-i(Xo"-^). 

Now, if / G 0{caX) is identically zero on CqX""^, then 9?(/) = 0. Indeed, by Lemma 
[malfunction / := f/p*h G C(c„X), hence, 

^(/) = v^(/>(p*/i) = ^(/>.o(/^) = 0. 

Thus, there exists a homomorphism (pi of the quotient algebra 0{caX)/Ic^x'^~-^, 
where Ic„x^^-^ is the ideal of holomorphic functions in 0{caX) vanishing on c^X""^, 
such that = ipi o qi, where qi : 0{CaX) — )• 0{CaX)/Ic^x"-'^ is the quotient homo- 
morphism. According to Theorem I2.10[ we have a natural isomorphism 

defined by restrictions of functions in 0{caX) to CoX"~^; hence ipi can be identified 
with an element of the maximal ideal space of algebra 0{caX"'^^). 

Starting with CaX"~^ instead of CaX we proceed similarly to define flags of complex 
submanifolds Xq C Xq, X^ C X, CaX^ C CqX of codimension n — k and homomor- 
phisms (pn-k '■ 0{caX^) — 7- C such that ipn-k-i = V'n-fe ° Q'n-fc (0 < /c < n — 1), where 
qn-k '■ 0{caX''^^) — )■ C(caX'^+^)/Jc^xfe = C(caX'^) are the quotient homomorphisms. 

By the definition, ipn is an element of the maximal ideal space of algebra 0{caX^), 
where Xq = {xq,Xi, . . .} is a discrete set. Clearly, 0(caX°) = Uj>oC(p^^(a;j)). 
Moreover, if / G Ixq C (9(coX°), the ideal of functions vanishing on P~^{xq), then 
f = f ■ P*gxo, where g^^ G C(X^), 5'a;o(a;i) = 1 - 5oi (Kronecker delta), so that 

Vnif) = Vn{f)^n{P*gxo) = ^n{f)^{P*g) = <^n (/)^a'o (^^o) = 0; 

here g G 0{Xq) is such that g\xo = gxo- 
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Thus, there exists a homomorphism (pn+i '■ 0{caX^)/Ix(^ = C{p'^{xo)) — )■ C 
such that (fn = fn+i o Qn+i, where : C(caX°) — )• C{p~^{xo)) is the quotient 
homomorphism. Since p~^{xo) is compact Hausdorff, the maximal ideal space of 
C{p^^{xo)) is homeomorphic to p^^{xo). In particular, ipn+i = for some u G 
p'^{xo). 

Finally, we have (p{f) = (pn+i{f\p-i(a:o)) = /(^) = ^coif), f ^ 0{caX) as required. 
This shows that the natural map CaX — )• Mx is a continuous bijection. It is easily 
seen that this map is a homeomorphism since CqX is locally compact and Xq — )■ Mxo 
is a homeomorphism. 

The proof of the theorem is complete. □ 
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